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I nirodüction 


In 300 B.C. Euclid treated Geometry as a deductive system. In 1637 Rene Du 
Perron Descartes introduced the coordinate system in Euclidean Geometry. Tensor 
is a positive outcome of the introduction of coordinate system. 

One can well say that tensors came of age with the appearance of the remarkable 
paper of the famous mathematicians Ricci and Levi-Civita (Methods de Calcul dif- 
ferential absolu et leurs applications, Mathematische Annalen, vol. 54, 1901). But, _ 
as'is well known, it was Einstein's use of tensors in his general theory of relativity 
that was mainly responsible for the sudden emergence of the tensor calculus as a 
popular field of mathematical activity. 

Tensor calculus is concerned with a study of abstract objects, called tensors, 
whose properties are independent of the reference frames used to describe the ob- 
jects. A tensor is represented in a particular reference frame by a set of functions, 
termed its components, just as a vector is determined in a given reference frame by 
a set of components and if a new coordinate system is introduced, the same tensor 
is determined by a new set of components and the new components are related to 
the old ones, in a different way (contravariant or covariant way). 

Since tensor analysis deals with entities and properties that are independent of 
the choice of reference frames it forms an ideal tool for the study of natural laws. 
In particular, Einstein found it an excellent tool for the presentation of his ‘General 
Theory of Relativity’. As a result tensor calculus came into general prominence and 
is now invaluable in its applications to most branches of Theoretical Physics, it is 
also indispensable in the Differential Geometry of curves and surfaces in Euclidean 
space. 

Tensor is a generalization of the term ‘vector’ and tensor calculus is a general- 
ization of vector calculus. 

So we first discuss how the term ‘tensor’ may be considered as a generalization 
of the term ‘vector’. 

For this we start with a 3-dimensional Euclidean space E3 with a rectangular 
Cartesian coordinate system. 


Let B and A be two points of E3 with coordinates (z!,z?, z?) and (y!,y?, y?) 
respectively. Then the coordinates of the vector AB are given by (z! — yz? — 
25:3 8 
Yr — Y : 
Let 


zi 2 gi yi, i=1,2,3. (i) 


, 


CM 
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Now we consider an orthogonal transformation in 3 given by 


I 


hz! + mya? +m? +a 
loa) + max? + now? + ag 


Ei 1 
i 3 ii 
Iga) + mac? + nav" + aa (ii 


t 
where (1; m1, n1), (lo, ma, ing) and (l3, M3, n3) are the direction cosines of the tr 
formed axes with respect to the old coordinate system and (41, 42,43) are the a 
dinates of the new origin with respect to the old coordinate system. Then (i) os 
be expressed as a 


z= htl tme? tng? +a, 1=1,2,3. (i 
We denote the coordinates of B and A by (21, 27,2?) and (U 1 97:87) respe ctively 
in the new coordinate system. 


Let, giagi-g*. 
Then from (iii) we get 
poccogi sy 
= (lz!q4m;z^c niz? + ai) — (uy! + miy? -- niy? + ai) 
=. lz! tmz? nz a n (iv) 
From (ii) we get 
pii icr! dz} | 
| aros le pga T Phage T bck 
Hence from (iv) we get 
; 0r! Oz Oz! 
zi. 1 2 3 
IT Ont” T is an” 
3 : 
QT. is Fus 
= -—;27, ‘4=1,2,3 (v) 
rum Ors’ 


The above equations show that the coordinates of a vector AB of E3 transform 
according to a certain law given by (v), when referred to a new coordinate system. 
Hence a vector of E3 may be considered as an object which is determined in a given 


coordinate system by a set of components which transform according to the law 


given by (v), when referred to a new coordinate system. ; 

Now we show that there exists other objects which are determined in 4 given 
coordinate system by a set of components which transform according to other laws 
when referred to a new system of coordinates, | 3 

; Let A and w* be two vectors of E3 and let an object have z !w!, ziw? zu 
e e w^, z?w?, z3w!, 23w? and z3w3 as its components in a rectangular Ger 
tesian coordinate system. Denote the components of z! and wi in another SY em 
of coordinates by z* and dp! respectively. Then by (v) we get 


zu - Oz OR), , (vi) 


ay ies pee a IV m MAL Oi APIS d e OSE 
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Denote z*w! by A" and z*ijJ by A9, then we can express (vi) as 


2 ^. Oz! ozi 3 
AH = Bed (vi) 
t,j=1 

Thus we see that there exists an object with components A kl in a certain coor- 
dinate system which transform according to the rule given by (vii), when referred 
to a new system of coordinates. 

Similarly, if we consider n vectors we can show that there existe an object with 
components C J132:-J^ in a certain coordinate system which transform according to 
the law l 
Oi Ozh — OZ Qe, (viii) 
Oxi 0r? xin 


Q iain 
We observe that 


730 


- occurs in each term of the summa- 


I) in case of a vector zt, only one term. 


: Or? 
tion, 
IF i ORF 
II) in case of an object ‘with components A ?? , two terms Jrk and Dat occur in 
each term of Mos summation and 
02% ðr” 


Mosen nts C Aion DW ien 
III) in case 2 an object with componenta C only n terms IERE OnI 
E 


From the above we conclude that objects with components A 9, C7:2-J^ may 
be included under a general term called ’tensor’ and objects with components 
A*i.. LC $2- 3^, zt are called tensors of rank 2,...,n and 1 respectively. Con- 
sequently a vector of E3 may be called a tensor of rank 1. Hence we conclude that 
a tensor of E4 may be regarded as a generalization of a vector of E'3 defined from 
the transformation standpoint. 

We also use the term ‘order’ in place of rank. 

Similarly a tensor of E, can be obtained as a generalization of a vector of 
En. A tensor, obtained from orthogonal transformation of rectangular Cartesian 
coordinate system is called-a Cartesian tensor. 

Instead of E, with rectangular Cartesian coordinate system, if we consider any 
general space and general transformation in lieu of orthogonal transformation we 
get a general tensor, which we shall call simply a tensor. 


occur in each term of summation. 
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LO Introduction 


This chapter is devoted to a discussion of the notatioris alone, applying it briefly tọ 
the theory of determinants, some conventions and symbols, which will be needed 


later on. 
I.1 Systems of Different Orders 


If we are given a set of two independent variables, they may be denoted by two 
different quantities, such as x and y , but it is more convenient. to denote these 
variables by the same letter, distinguishing them by means of indices. Thus we may 
write the quantities as x1, £% or as they may be more compactly written, as! 


a; (i212). — (1.1.1) 


, In (1.1.1) we have written the index i as a subscript, but we can equally well use 
superscripts instead of subscript, so that the variables can be written as x1, 2? or 
s | 

zi G12) 0% : (1.1.2) 


Here it must be understood that x‘ does not mean that z is raised to the i-th power, 
but i is used merely to distinguish between the two quantities. 

Systems of quantities, which, like xê and z; ; depend on one index only, are 
called systems of the first order or simple systems and z! , x? ; $1, T2 are called 
the components of the system. It is obvious that the system of the first order has 
two components if the index take the values 1 and 2. 

Again, we consider four quantities which may be written in the following form: 


011, 412, 021, 025 (1.1.3) 
atat, a7} a? (1.1.4) 
and aj ad a? ,a2. (1.15) 


Then in indexed notation (1.1.3), (1.1.4) and (1.1.5 


ij and 
t 1 > x j 
aj respectively, where 2,9 take values 


) may be written as Ajj, 0 a! 
1 and 2. Thus the systems Qij 0%: One") 
1From now on the equati i ion 
quations are in the form (C.S.E) where C st for sectio 
j D, e C stands for chapter, S fo 
number and E stands for equation number. Thus (11.2.8) means equati Tahoe 8 of the seco? 
section of the third chapter and go on, i duasion mu 


n 
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depends on two indices, are called double systems or systems of second order, whose 
number of components is 4 ie., 2? for ijj = 1,2. 

Similarly we have systems of the third order, which depends on three indices 
and which may be of four types as a F, aije aip ap , (i,j,k = 1,2) and then the 
number of components is 8 ië., 25, Thus in general, if the indices of a system take 
values 1,2,...,n , then the number of its components is n, n?,n? according as it is 
of the first, second, third order respectively. In a similar manner we can obtain a 
system of the n-th order. We shall call a single quantity a , which has no indices, a 
system of order zero. 

The upper and lower indices of a system are called its indices of contravariance 
and covariance respectively. Hence for the system Ok, the index i is the index of 
contravariance and the indices j, k are covariance indices. The system a‘J consisting 
upper indices only is called a contravariant system and the system a; is called a 
covariant system, whereas the system a} is called a mixed system. 


L2 Summation Convention 


If in some expression a certain index occurs twice, once in the upper index and once 
in the lower index, we shall mean that this expression is summed with respect to 
that index for all admissible values of the index. We now consider the expression 


\ n 

Xais’ = ajs Fasz? F.. s+ ant", 

i=1 ] 

where the index i occurs twice in the left hand side, once as the upper index and once 

as the lower index. Then using summation convention due to A: Einstein, we shall 

omit the summation symbol Y? and write a;z? to mean az ! c a2 B bus wo asc. 
Dummy Index : If in an indexed expression an index occurs twice, once as a 

lower index and once again as an upper index, then that index is called a dummy 

index. Thus in the expression a;z* the index ? is dummy while in the expression 

aijz iz both the indices i and j are dummy. In the sum a;r* the dummy index 

i may be replaced by any letter i.e., az! = ajz?. The use of dummy index is 

analogous to a variable of integration in a definite integral, which can be changed 


at will i.e., 
b b 
f f(x)dx =f f(z)dz. 


It is to be noted that when two dummy indices occur in an indexed expression 
then the indices should not be written by the same letter. Hence in the expression 
ajjzírj the dummy indices i and j can not be replaced by the same letter k i.e., 
aijc iz can not be written as ayyz ^c "na 

Free index : If in an indexed expression an index is not dummy, i.e., it is not 
repeated then it is called & free index. Thus in the expression axe, j and k- 
are the free indices while i is the dummy index. It may be noted that when in an 
expression both dummy and free indices occur, then the dummy index should not bc 
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denoted by the same letter as that denoting the free index. Thus in the ex wa 
a;;jz'z*, the dummy index 7 can not be denoted by the letter j or k Which Bs 
indices. \ ee 
We now restate the summation convention as follows : 
When in an indexed expression a dummy index occurs, the expression bt 


considered as the sum and is to be summed by giving all the values of the inde, à 


ex, 
I.3. Kronecker Symbols 
A particular system of second order denoted by ój and defined by 
63 =1 for i=j. 
=0 for i#j, i,j Sealy dyes n 


is called the Kronecker symbol or Kronecker delta. We now consider some properties 
of this system : I ! ! 


DU zr. , £^ are independent variables, then ` 
a Oat D 
-=] L= j 
a; fo i=j 


=0 fo i#j, i,j =1,2,...,n. 


Oz! _ çi 
Hence Dr = ój. 


2) àió] = 6; . For, 


635, 5188 + 6202 + 46g +... + Oii +... Blog 
| Oxóg FOx P+... HIS H... 0x 52 
Op. 


3) 4-8... EE =1414... 41 an. 
4) ójai* = att, For, 


1 jk E 
ja! = Sja + Sta 4. 4 lank 
a™ 404...440 
xg 


Similarly, 6203" = q2k 53, jk, : 
: = 3 jk — PE i 
1j 0^, 07a = aF and hence djask = atk, 


5) Oj Qik = jk. 


6) 043i = Qik. 


7) ójai = at, 


+ 
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8) ója; = Gj. 
9) ója 9 =a". 


A 


We note that the Kronecker delta 5} is called substitution operator because it allows 
us to replace one index by another as shown from properties (4). to (9). 


L4 Some Results of Determinants 


It is assumed that the reader is familiar with the elementary properties of determi- 
nants. If the numbers 4, j can take all positive integral values from 1 to n , the n? 
quantities a; may be taken as elements of a determinant of order n , viz, 


ai ag 05 
CNRC 2 

a=) 4% 92: Gn . (1.4.1) 
OT da ule 


which is a homogeneous polynomial of the nth degree in the elements. The index 
i denotes the row and j indicates column of the determinant |ai|. If af = aj for 
all values of i and. j, the determinant is said to. be symmetric; while if aj zog? 
it is called skew-symmetric. If A? denote the cofactor of the element aj in the 
detérminant a , then it is well known that the sum of the products of the elements 


of the i -th row (or column) is equal to a if i = j, and to zero if i #7 . Hence 
ajA] + afd? +...4aiA? = aði, — 
By summation convention we may write | 
aj AF = ab} 


and af Az = aô}. 


The determinant of the n? cofactors A? of the elements of a is called the adjoint 
of a and is denoted by A i.e., A= [i]. It is well known that A =a". 

We shall now establish the following results on matrices and determinants of 
systems of second order. They will often be used later on. 


(1) If aibi = c i) (b3) = (ch) and lajllb3| — leol- 


Í = cp, then (aj 


(2) If at bck = di, then (aj) (c5) (02) = (d) and lai llegllb7] = (dj 

We shall prove the results by taking the range of the indices from 1 to 2. But the 
results hold, in general, when the range is from 1 to n. 

(1) We have ab), = aibi + aby. 

Hence, ci, = ajbj + a$b2. 


Therefore, 
1 1 à 14,1 1,2 1,1 152 
€; C32 ajbl-rajb? ajbj-ragbj. 
2. 2 271 2,2 4,241 212 
Ci C2 ay bj + Q5 bi Q1 bs + ag bs 


UN 
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aj a3 bi ob 
aj aj b? b 
Hence, (ci) = (ai) (03). as 
Taking determinants of both sides, we get |c5| = |a;[|b}|, since |AB| = | A) Bi, wie 
A and B are two square matrices. | e 
This proves (1). Similarly, we can prove (2). 
L5 Differentiation of a Determinant 


We consider the determinant discussed in (L4.1). Let the elements a} be functions 
of the independent variables x, y,z,... etc. Then the derivative of a with Tespect 
to x is given by 


ðal Gad da} f 1 1 1 
l 2 n a a TUN a 
Ox dx nus Or i 2 n 
ða ~2 2 2 
ia d 2 2 2 da; daz da 
ðr 01 Qo En a, +. m Asx Seis "Or 
Qj . ag’ ar at ag a 
1 1 1 
ai ay Qn, 
2 2 2 ; 
+...4+] 4 Q5 an : (15.1) 
‘dat day dan 
Or Or rd Oz 


The first determinant in the right hand side of (1.5.1) 


da} dad da} 


= —,l 2 n 
ae “t+ He At tet A At 
Oa; |i 
Fy Ab 


da? ða? 0a2 

= uA 2 A2 Qn an 
a^ . 

ES i Ai 
ür ^? 


Similarly the last determinant of ri i — Ga" jd 
Tae eterminant of right hand side of (1.5.1) = An 


Oa ze da} i da? S ðar .. 
Ap. On Ait gy Ag+. + EH ` 
.0a2 
A199 
? Ox 
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j p^ 
Similarly, $8 = Aj Spi and 24 = A HR and so on. 
L6 Linear Equations, Cramer's Rule 


Let us consider a system of n lincar equations 


in -unknowns ninm nt”, where we have used summation convention. Let 
the coefficient determinant |ai| = a and the cofactor of aj be denoted by A7; 


Multiplying by AP and summing for integral values of i from 1 to n we have 


aic) Af = DA 
1.€., aóf a? = biAF 
À:€., az" = DAF 
i i b*AR E 
C., rë = mo provided that a Æ 0. 


This is known as Cramer's rule for solving a system of linear equations and the solu- 
tions of the system exists provided that a — lai] # 0, i.e., the linear transformation 


is non-singular. 


I7 Examples 


Example 1. Find the number of components of a system of fourth order in which 
the indices takes values from 1 to 8. 


The number of components of a system of i-th order in which the indices takes 
values from 1 to n is n*. Here n = 8 and i = 4. Hence the required number is 8*4. 


Example 2. Determine the number of types of a system of the 5th order. 


A system of 5th order contains 5 indices. They may occur in the following ways : 


1) All of them are upper, 
2) all of them are lower, 
3) one of them is upper and the remaining four are lower, 


4) two of them are upper and the remaining three are lower, 
5) three of them are upper and the remaining two are lower, 
6) four of them are upper and the remaining one is lower. 


Thus they are of 6 types, viz., 


i ij ijk „ijkl 
s Qiklmi klm? tn ? am > 


? 4 


Gijklm: g lm 
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Example 3. If z! = ajy” and y* = 129, show that 


1 QÍinqn 
x = az ; 


We have 
t = apy”, (L7.1) 
bye", (1.7.2) 


8 
| 


= 
l 


By virtue of (L.7.2) we obtain from (1.7.1), 
ri = afb?z*, 
Interchanging the dummy indices p and q we obtain the required result. 


Example 4. If ajj,z?z?xz" = 0 for all values of the independent variables 
z71,2?,...,2" and aj4,s are constants show that, 


: Gkji + Gjki + Gikj + igh + Gkij + ik = 0. 


Since z!,z?,...,x" are independent variables and apqr’s are constants, we ob- 
tain from apg-z?r?z7 by differentiating with respect to x’, 


OxP Ox 4 On" 
ento ede pw T DA. d oe 
pir 3 iT T + üpgrt Sd T part £ ap 
p 
or, Apgr 9; LILT + Ang EPOZ2™ F aptr EIT = 0, 
. : E j 
Or, GigrE 4m" + ApipE PL" + apqgi£ PTI = 0. s 


Differentiating with respect to xÍ we get 


m Ox" Oz? 
Qigr > 2" + Aigr 4? + apir — 2" 
MOSS CiU Oped... SU Og T 
$027 OxP z 

Qpir£? > + Angi T1 + apir? — = 0 

PTUU Oa ^ TU Bae Pr” 0x5 

hdr x T p ; 
Or, Gigrd FX" + igri 107 + Apipd PL” + apip OT + Angi? T1 + agg; 205 = 0 


Again differentiating with respect to z^ we obtain in a similar manner 
ijk + Gikj + Gjik + akij + Ajki + Angi = O. 


Example 5. If a7 isa double system such that ap a?* = ôf , show that la; | = +1. 


From a;,a;” = 6, , it follows that |ja7.a™| = lór 


6} ó eee 6 
óQ- 02 "4. 02 
ie. lslaP]m| 5; 


LJ 
s 


OU OP E E 
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i.e., 
1 1 1 1 1 
ay 72 an Qj ag an 
af aj an || aj ag ap 
aj 3 ay || ar ag an 
4.€.5 ; 
at ag ap 
af aj aa 
; Ex 
aj’ ağ a; 
1.€., 
al aj al 
a? af a2 |. 
1 2 n i 1 
ay Oy an 


Thus it follows that |a7| = +1. 


11 


Example 6. If y* are n independent functions of the variables z‘, and z* are n 


independent functions of y* and if 


ROT! i 
ul = Ula = wT (i,j = 1,2, 
then show that —— | ut = wi oes 
| Ox * 
b uy 
We have u* =v yj 
DIL part 
and v’ = w? a 
From (1.7.3) and (1.7.4) we get 
; On? 
docs yl Fe 
M ðyİ 
y On i d fodexidabsr K 
= v yF (changing the dummy index j by k) 
k i 
Oy OF 
ðzi Oy* 
ss id oo 
35 
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ith the n 
Example 7. If the n? quantities Bj, í are connected wi n’ Viti yy 
by the equations 


j Oy? ðr” ox! 
Bix = Amt ggh oy] Oy” 
then show that z i 


Putting j =i in the given equations we have 


& Og on™ ax! 
1k 75 ml ggh Qyi yF 


AR 
L 
See Ai (replacing the dummy index m by i). 


I.8 Exercises 


Exercise 1 . If A = Ajz for all values of the independent variables z*,z?....,z* 
and A;'s are constants, show that 
1 A : i 
2:90) _ X 
karig 07 


Exercise 2 . If af is a double system satisfying the relation a; ig] = 6j, show m 
either 


ej- aj] -o 
Or, ' des Ex H = 0. 
Exercise 3 . Ifajjr‘x4 = 0 for all values of the independent variables 2*,27---*7 


and a;'s are constants, show that 


pqa + agp = Ô. 


tai 


a 


ok 


wt 
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Exercise 4 . If a = |a}| and b is a~! times the cofactor of aj in the determinant 


[aj]; show that 
b] aj = = éd. 


Exercise 5 . If i,j, k take all the values 1, a . n; show that 5752 [ug 65; H 
Also if A? are n quantities and A57 are n? iantitios show that S AI = Ai ‘and 


6;Aj = At‘, 


Exercise 6 . If 


at aj aj 
ija a 2 2. 2 
lj] = | az az ej 
ripi yi 
bi by bg 
ils. 2 12 12 
and [b] = | bý b bg j, 
3 p3 p3 
: : bp bó bs | 
| then show that 
7 m m= |e js 
| where 
: i — Lp 
= agby,. 


II Tensor Algebra 


II.0 Introduction 


This chapter presents the study of a certain type of space called an n-dimensional 
space which is suitable to develop the idea of tensors and algebra of tensors with 
respect to a certain transformation of coordinates. 


IL1 n-dimensional Space 

An ordered set of n independent real numbers z!,z?,...,z" is called an n-tuple 
of real numbers and is denoted by (z!,x?,...,2"). The set of all n-tuples of real 
numbers is said to be an n-dimensional arithmetic continuum and each n-tuple 
is called a point of this continuum. Such a continuum will be denoted by S,. 
Sometimes an $, is called an n-dimensional space because it can be endowed with 
the structure of an n-dimensional linear space. In n-dimensional real number space 
R” we can have a number of extra structures such as metric structure, vector space 
structure etc. But for our purpose, we shall consider only the space S; without any 
additional structure. 

Let us introduce a suitable coordinate system in S,. Thus if we take Eaa 
z?,..., T”) are the coordinates of a point P of S, in a coordinate system then 
there exists an one-to-one correspondence between the coordinates of points of Sn 
and the set of all coordinates like (z!,z2,...,"). 

If z1,2?,...,27 are the coordinates of a point P, we shall write that x are 
(a! ae of P and the corresponding coordinate system shall be denoted by 

qi. 


A curve in S, is defined as the collection of points satisfying the n equations 
z? =x (u), i=1,2,...,n, 


u being a parameter and z'(u) denotes a function of u. 
A surface in 5, is defined as the collection of points satisfying n equations 
zi = r'(uv) i=1,2,...,n 


u,v being two independent parameters. 


Iu totality of points whose coordinates are expressible as functions of ™ 
independent parameters is called a subspace of S, of dimension m and may be 
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denoted by Sm. Any such subspace is said to be immersed in Sn. If m —n —1, Sm 
is called a hypersurface of S4. An equation of the form 


Pe o oue) =0 


determines a hypersurface; for such a relation reduces the number of independent 
variables to n — 1. If cis an arbitrary constant, then 


$(z!,z?,..., 2") 5c 


represents a family of hypersurfaces, each value of c determines a hypersurface. If 
the function ¢ is single-valued, one hypersurface of the family passes through each | 
point of Sn. 

If P be a point of S, with coordinates x‘, i = 1,2;..., n and Q be a neighbouring 
point with coordinates z'- dz toros d Dou. ın in a certain coordinate system (x?) 
then the differentials dz are called the components of an infinitesimal displacement 
PQ in the coordinate system (x5). Such a displacement determines a direction in 
S, at P. The directions of the infinitesimal displacements dx‘ and dx‘ at P are 
regarded as being the same if the two sets of differentials are in proportion; Ze., if 

dz! dz? dx” 


ba? ~ óx? Se Epi. 
IL2 Transformation of Coordinates in Sn 


Let P be any point of S, with coordinates st, i=1,2,...,n in (x*)-coordinate 
system and z* be the coordinates of the same point with respect to another coor- 
dinate system (z*) and the two systems be related by the equations 


z'=$*(c},22,...,27), $—1,;2;4..n (1.2.1) 
where each $* is a single-valued continuous function of the independent variables 
z1,z?,...,2" and have continuous partial derivatives upto the required order and 
also the functional determinant [o 

0$! 04! ag! ^ 
| 832: rag? og? |J < (ID9: 
BICI BEL A, (11.2.2) 
po a6” eos boni 
Der oer ge bs \ toy oe 
which is called the Jacobian of the transformation (II.2.1) and is denoted by 
J E ET! Or Oxi or ðr . 


Since J = ao" # 0, the functions $* are independent and hence the equations 
rt i s 
(II.2.1) can be solved for the x’ as functions of z* which gives 


PUENTE da) $-1533:.7.T78 (11.2.3) 


The relations (11.2.1) and (112.3) are called the braneformations of ordi gn T 
Sw Tf we take (012.1) as the beanafonnation of gent id mal n ! BA 
coordinates a! in (aif) «eoordlnnte system, then (1,2,1) determines Wie eoordingg, 


TL ipi Hi 
of the point P with coordinates $^ in the coordinate Kysten (0^). Then (114,4 
may be token as the diverse transformation of coordinates subject to thie CON ny) 
11.2.2). rs mE 
the nature of the Jacobian of the transformations (112,1) and (112,5) js given 
by the following : P 
Ky! 
Theorem 2.1 : If J and J! be the Jacoblans of the Wrausformations (12,1) ang > 
(11.2.3), then JJ' = 1, 


Proof : Since J and J’ aro the Jacoblans of the transformation (1123) and (12,9) Í 
respectively we have 


| 1 
|. [08 TER ULM 
Since z's are independent and a's aro also Independent, using formula, of partia / 
differentiation and summation convention we muy write i 
0st... Ont Om e A op : 
i 02! Ow" 
Ot, (0j m m 
Ort 051 
4 . (82! [Ox I 
ie, |M| = Dz* | | OR 7 ¢ 
on 1 = JJ' 
t 
II.3 Invariants 
Let A(z!,z?,... 2") be a function of n-coordinates a! in a coordinate system (2°) 
in Sn and A(z!,z?,...,2") be its transform in another coordinate system (2^). 
Then A is called an invariant or scalar of S, with respect to the transformation 
(11.2.1) if A 
"o  A(@",8?,...,8") = A (nl, mn). É 
The partial derivatives of the invariant A with respect to the coordinate gystem 
z*) are the n functions given by 
0A 
Ai = Oat (IL3.1, 
and also its partial derivatives with respect to the coordinate system (2f) ore! , 


functions A; given by 


A= AC ap amr (since A = A) 
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and hence by virtue of (11.3.1) we get 


k 
Aye AS (11.3.2) 


The vector A; in (II.3.1) is called the gradient of the scalar A and is denoted by 
adA and its components in the (z*)-coordinate system is given by (11.3.2). 
The relations (II.3.1) and (11.3.2) leads us to define certain type of vectors, called 
covariant vectors in Sn. 


11.4 Vectors 


IL.4.1 Covariant Vectors 


A set of n functions A; of n coordinates in a coordinate system (z*) are said to 
form the components of a covariant vector if they transform to another coordinate 
system (z*) according to the following rule : 


;  On4 | Hee 
A; = FAs. (11.4.1) 
It is obvious that the gradient of a scalar A, defined in IL3, is an example of a 


covariant vector. 
From (II.4.1) we can obtain the expression of A; in a coordinate system (z*) in 


terms of the coordinate system (Z+) as follows : 
Multiplying both sides of (II.4.1) by oz, we obtain 


ork * Ox Oz? 
; ; Oz! OxI 
= ô} Aj (since, 5-3 35: = Oe) 
zs AR. 
Thus, 
0z* . 
Ak = ark A . (1.4.2) : 


11.4.2 Contravariant Vectors 
A set of n functions A‘ of the n coordinates z* in a coordinate system (z*) are 


said to form the components of a contravariant vector if they transform to another . 
coordinate system (z*) according to the following rule : 


Ain) As. (11.4.3)! 
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) by ber and summing over the index 7 from 1 
zr* 3 


Multiplying both sides of (11.4.3 
to n, we obtain 


Ox" zi ack on! y 0s Ai = 6j A3 = AF. 


Dat, ORO” D UAE 
Hence pid z^ Ai. (IL4.4) 
0z* 


Now considering differentials of both the sides of (II.2.1) we get 


and using summation convention we have 


md a dz. | (11.4.5) 


From (11.4.5), it follows that the differentials dz form the components of a con- 
travariant vector in (*)-coordinate system whose components in the (z*)-coordinate 
3 i . det é 
system are dz and is given by (II.4.5). It follows immediately ue ae is also a 
contravariant vector, called the tangent vector to the curve z* = z (u). ; 
Let us now consider a change of coordinates z^ = g*(Z1,Z7,...,£"). Then the 


new: components A” are given by 


A Oz" 1; a OB ORI p. Ox" 


-ði OBI Ark | Oct 
which has the same form as (II.4.3). This shows that the transformations of con- 
travariant vectors form a group. 

The coordinates x‘ will only behave like the components of a contravariant 
vector with respect to linear transformations of the type £' = aizi, where ai is 


ei j 
a set of n? constants, which do not necessarily form the components of a mixed 


LI . T i ; LJ] . 
tensor. For in this case 225 — aj and hence the transformation can be rewritten 


E Oz 4 E : à k H è 
as r' = 5*;2/. But with respect to the general transformations of coordinates, z* 


do not form the components of a contravariant vector. This means that if we select 


AŻ = zi, then the new components A? with respect to the coordinate system z do 
not satisfy the equations A?! = zi, 


A li AF 


Example 1. There is no distinction b 
when we restrict ourselves to ortho 
system of coordinates. 


etween contravariant and covariant vectors 
gonal transformations of rectangular Cartesian 


In E3 we consider orthogonal transformation of coordinates given by 


uh = ha’ mz? + mg? +a), 
x = lox + Mon? + nor? +92, : (11.4.6) 


T = ls! mam? nam? + a3, 
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Since this transformation is orthogonal, the corresponding matrix 


lh m m 
A=] hL m ma 
l3 ma ma 


is orthogonal. Hence A^! = AT. Therefore the inverse transformation can be 
. written as 


z! = lz!-lz?-laz? +a, : 
dee mz) + moz? + m37? +a2, © (II.4.7) 
z? = m! +n? +n? + a. 


- Now let us consider the contravariant transformation 


A i 
A* = Ala T—1,2:2 


mi 
E A (11.4.8) 


A 41985 , 4207. 4:987 


r les 
That is, A’ = LE D DE 
= Oz? oz? ox? 
2 1 Ot” 201 397^ 
A^. = Á aT tA Aad A Jra’ 
E 0z? 0z 0z? 
3 197 2 30T 
\ E a s Ox} A ee ðx3 
or, A! = Alh + A?m + A?n, 
A? = A 1], T A?m» + Ang, ; (11.4.9) 
—OA3 om Alg + A?ms + A?n3 t bd 
` where we have used (II.4.6). Again let us consider the covariant transformation 
«Og 
Low ee gr! 
Ox} Ox? Ox 
= Aj TET + Aras + 355i (11.4.10) 


. Hence we get in a similar manner, 


Aly + A2 + Agni, 


Aj = 
A2 =  Ajlo + Agm2 + Ana, (11.4.11) 
Ag = A1l3 + Aom3 + A3n3. 3 


|n Relations (II.4.9) and (II.4. 11) define the same type of entity. Hence 
A’ = A A? =A,, A? = As: 


F Hence there is fio distinción between Er RE and covariant vectors. 
E The existence of an invariant is given by the following example. 


S 
e | 
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e the components of a covariant and contravarian, 


Example 2. If A; and n ar AB: 


vector respectively, then the sum dip? is an invari 


By the easlan law of covariant and contravariant vectors we have 


and l z4 


Hence 
j =i 
Api = oe geri 
0x4 Oz! alk 
Izi Irk? 
= ôf ju" 
Ak" 
= Nn}, 


changing the dummy index k by i. This means that Aii! is an invariant. 


IL5 Tensors of Second Order 


II.5.1 Contravariant Tensors of Order Two 


A set A‘) of n? functions of n coordinates x‘ in a coordinate system (x) are said 
to form the components of a contravariant tensor of order two (or of rank two) if 
they transform to another coordinate system (z*) by the following rule : | 


AU = — a LAM, (11.5.1) 


We can obtain the components of the same tensor A‘ in (z*)-coordinate system - 
in terms of the (z*)-coordinate system as piii : | 
Multiplying both sides of (IL5.1) by 22> acl rl ; we get 


oe ans Aij _ Ox" ðr! az‘ agi 


— ALF ARAI yO e 


tm, —— — — — 


Or! Or? Ori Ax4 
EE 6501 API 
= ATS 
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TS = 
Oz! OTI 
The existence of a contravariant tensor of second order is guaranteed by the following 


Hence 
ðr" ðr? ., 
| WE LP (I.5.2) 


example. 


Example 3.: If A? and B? are two contravariant vectors, then the n? quantities 
AB are the components of a contravariant tensor of order two. 


Proof : Since A‘ and B? are two contravariant vectors we have by the transforma- 
tion law, 

E On? AB 
Ox 


Hence 


from which it follows by virtue of (IL5.1) that C 5 or A! BJ are the components of 


a contravariant tensor of order 2. l 
Note : Similarly we can define a contravariant tensor of order p by considering a 


system of order p of type VUELIUA 


1.5.2  Covariant Tensors of Order Two 


A set A;; o£ n? functions of n coordinates z* in a coordinate system (x?) are said to 
form the components of a covariant tensor of order 2 (or of rank 2) if they transform 


to another coordinate system (z*) by the following rule : 

» Ox? Oz? 

Aij = zi agi Pq: (11.5.3) 
The components A;; in the coordinate system (x?) may be expressed in terms of 


another coordinate system (z*) as follows : 
* 
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LA 02 3 ons ` af 
of (11.5.3) by DE ss We get 


01 5 027 zí 051 Ox”? Oz? 
Ox! O57 j 3 azt OF o eA 
Ant On" ^ Art üz^ Or! OF 

Oz! Ox? OF? Ox! 
— AT 2.524 pa 
Ont Ori OT” Ox 


Multiplying both sides 


i 


Ozi 024 . — 8P67As = Ara: 
LCs, x pd = ĝl a ^*pd ra 
Thus, nt ass 
Ot Ox Á; (II.5.4) 


Ara = Gar One 
2 may be guaranteed by taking two 


a covariant tensor of order l 
nilar manner as In the case of a 


The existence of i I 
and B; and proceeding in a 8H 


covariant vectors Ai 


contravariant tensor of order 2. S Tue 
Note : A covariant tensor of order q can be defined similarly by considering a 


system of order q of type Airini 


II.5.3 Mixed Tensors of Order Two 


A set Aj of n? functions of n coordinates z in a coordinate system (z*) are said 
to form the components of a mixed tensor of order 2 (or of rank 2) if they transform 


into another coordinate system (z*) by the following rule : 


.. O02 0xr4 
Aj = SAP. (11.5.5) 


In a similar manner like (11.5.4) we can obtain the formula for expressing the 
components A} in a coordinate system (z*) in terms of another coordinate system 


(z+) as follows : 
., Out 024. - 
Aj = 355 O23 ^4: (11.5.6) 


Now if we choose A? to be the Kronecker delta 6? in (II.5.5), then we get 


OF" Dr... Oz‘ On? ƏTİ 


zi O8' 0x%,, _ OTt Ox? _ Oz" 
j^ srzi’! Ox? Ori ORI Ü 
a implies that the Kronecker delta ój is a mixed tensor of the second order whose 
nonen s in any other system again form the Kronecker delta. This justifies the 
+ e E index as a subscript and the other as a superscript 
Pico aen ie are placed on the tensors as superscripts when they denote 
ipm ipis Ar ui when they denote covariance. In particular, 8 
egi AE Aree ne a oe vector with respect to the index í | 
: respect to i j H 
re ma sr and j is placed as a di rdc. index ge onsequeqi PIS ple a 
ote 2: If we select n? quantities ĝi; = 6! as th ; 
j j e components of a covariant 
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vector in a coordinate system (z*), the components in (z*) system are given by 


k k 


= 8 ots 3 of 
dij = 2z ot. This implies that the transformed components 6;; do not form the 


Kronecker delta. | 
Note 3: We can obtain a mixed tensor of second order by taking a contravariant 


vector A’ and a covariant vector Bj. 


11.6 Mixed Tensors of Type (p,q) 


A set of n?*? functions AUR of the n coordinates in a coordinate system (z*) are 
said to form the components of a mixed tensor of the (p 4- q)-th order, contravariant 
of the p-th order and covariant of the q-th order, if they transform according to the 


following rule into another coordinate system (z*) given by 


ques. z^ oz oz? tr on”? e mE ATimeTP (II.6.1) 
7122---Jq Or" Qr72 pd Qr?» Orn OZI2 ee QzJ« 8152.-.Sgq ° dac 

This formula is nothing but merely a combination of (II.5.1) with respect to con- 
travariant indices and (IL.5.3) with respect to covariant indices. Such a tensor 
"sometimes called a tensor of type (p,q). Thus a contravariant vector is a tensor of 
type (1,0) or of order 1 or of rank 1 and a covariant vector is a tensor of type (0, 1) 
while an invariant or a scalar may be regarded as a tensor of type (0,0) or of order 
Zero. 
However, it may be noted that the components of a tensor change under trans- 
formation of coordinates, but the entity called tensors does not change under coor- 


dinate transformation. 
Note : Tensor is the generalization of a vector. 


IL7 Zero Tensor 


A tensor whose components are all zero in a coordinate system is called a zero tensor. 
It can be easily seen that if the components are zero in a certain coordinate system 
then they will be zero in every other coordinate system. So we may define the zero 
tensor as a tensor whose components are all zero in every coordinate system. 


II.8 Tensor Field 


At each point of S, a tensor has definite numerical values; so that there is one 
tensor corresponding to each point of Sn. The system of tensors, one at each point 
where the functions are defined, is called a tensor field. The distinction between a 
tensor and a tensor field is the same as that between a vector and a vector field. It 


is usual to refer to a tensor field simply as a tensor. 


II.9 Algebra of Tensors 


The addition and subtraction of two tensors of the same type is a tensor of the same 


type. 
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iiiz.. a) iiiz.. a 
Theorem 9.1 : Let Aj ice ig and By; Jis eH be the components of two tensorg of 


type (p,q) of Sn. Then their sum 


Ali dei pM 


Jij2+-Jq J172-. de 


are the components of another tensor of type (p,q). 


Proof: Let Aun AX and Bi} 2 Fi be the components of two tensors in a coordinate 


system (xt) and Ape. 2 and Bids j be their components in another coordinate 
system (z*). Then ! 
y i-e. Oz^ Oz? 
11i5...i 1112...1 LS 
(ai d. + Bee | = Ont Br" Ae (11.9.1) 
Oz’? 0r?! ðr? | Or 4 ( 


'" Oz» ZİL OZI2 Oz 


81932.. 8182...8 


Anrn- m + Bnra- Hae 
From (II.9.2) it follows that . 


11í2...i i1i2...i 
Aja. de TB. ii 
are the components of a tensor of type (p, q). This proves the theorem. 
Note 1 : The algebraic operation by which the sum of two tensors of the same 
type is obtained is called the addition of the tensors. 
Note 2 : In a similar manner, we can show that the difference 


iiiz.. sip iiiz.. ‘ip 
Aj 35. -ja Biija.. -ja 


are the components of a tensor of type (p,q) and the algebraic operation by which 
it is obtained is called the subtraction of the tensors. 


Theorem 9.2 : If A; run is are the components of a tensor of type (p, q) of S, and 


ġ bea scalar, then pA ta 4 are the components of another tensor of type (p, q). 

Proof : Let AI P: be the components of a tensor at a point P of S, in a 
coordinate system (r*) and Aji?" » be the components of the same tensor in 
another coordinate system (zł). Let $ be the scalar in (zt f) 


system and ¢ be in 
(z! ‘) - coordinate system. Then we have 


pan -ip L - 0x4 Oz? Oz» Ox 31 Ox 82 Ox 8g 
Jia. da Óz"iÓÜzT?' r» Ozi Orc DIA Aperi 
E Oz 11 Oz» Ox 81 Ox 8q d ? 
(— Ozn eTe OE gah lAo er; (11.9.2) 
From (II.9.2), it follows that ¢A #2- (since $ = 9). 


4132. v are the components of a tensor of type (p,q). 


hee ete IE 
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Note : The algebraic operation done in Theorem (II.9.2) is called the multiplica- 
tion of a tensor by a scalar. 


Theorem 9.3 : If a;;A*B? = 0 for two distinct arbitrary vectors A‘ and B7, then 
aij = 0. 


Proof : The given relation can be written as 


0314! B! 4-a12A41 B? 4. Qin AtB” 
+ anA?B+aA7B* +...4 a$4,A?B"- 
+ o. 
+ amA”B! +aynA"B? +...4 da, AtB": =0. 


(11.9.3) 


Among the above n? terms, in n terms the indices are equal, ie., 1 = j; in the 
rest n? — n terms i # J, i.e., the indices are different. 
Since A? and B? are arbitrary we are free to choose them at will. First let 
AŻ = (1,0,...,0), B* =(1,0,..:,0). 
Then from (11.9.3) we get 


a31 (1) (1) + a12 (1) (0) +.. 
+ ax (0) (1) +a (0) (0) +.. 


et Ain (1) (0) 
-+ dan (0) (0) p 
+ 


+ ae 
+ anı (0) (1) + an2 (0) (0) ann (0) (0) =0 


ebrei 
(sine A1 21, A? — A3 5... 2 A^ 20, B! z 1, B? — B? —...— B^ —0). 
This gives Q11 = 0. 

Hence (11.9.3) reduces to 


a12À4! B? X sx aA B” 
+ 03A?B!-ra?:A?B? +...4+ a2,A*B" (II.9.4) 


Lol Eus 
+ anm A”B!+anA"”B? +...+ aQ&A"B"^ =0. 


In the similar fashion choosing A‘ and B/ as unit vectors, both with their r-th 
component (1 € r € n) equal to 1 and others being zero, we get arr = 0. 
Thus a,,=0 forall r—1,2,...,n. l 
Next we take AŻt{= (0,1,0,...,0) and B? = (1,0,...,0). 
And hence we can get 
091 = 0, 


Thus taking A‘ and B? as unit vectors 
A'=1=B™ (1<1l <n, 1<m<n, lm) 
and all the other components of A‘ and B? are zero we get 


üm = 0. 


Thus aj; = 0 for all i,j = 1,2,...,n. 
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11.10 Equality of Two Tensors 


al in a certain coordinate system if they are of the 
s in the coordinate system are equal, 
f two equal tensors in the same 


Two tensors are said to be equ 


same type and their corresponding component 


AD. iid the components 0 
Tius, if Ag, 5.5 and Baig, ate p 


J 
coordinate system, then we must have 


A fpt2..tp m B DEN 


Bj —073ijaeJ47 


If two tensors are equal in a certain coordinate system, then they are equal in every 


coordinate system as shown by the following theorem. 


Theorem 10.1 : If two tensors are equal in a coordinate system, then they are 
also equal in every other coordinate system. 


- Eie = ts of two equal tensors in a 
Proof: Let Avo? and Bj, 5. be the components o eq 


coordinate svstem (z S. Then 


A iP a>. ph 


“"132---Iq jij2--Ja^ 
This implies that "E End 
11312...ip M 1112.-.1p 
Ani. Bhide (1.10.1) 


are the components of a zero tensor in the coordinate system (sf). Since the 
components of a zero tensor are equal to zero in every other coordinate system, it 
follows that the difference (IL.10.1) must be a zero tensor in every other coordinate 
system. Hence the tensors are equal in every other coordinate system. This proves 
the theorem. 

Thus we may say that two tensors of the same type are equal if all their corre 
sponding components are equal in every coordinate system. 

The order of indices in a tensor is important. The tensor A;; is not necessarily 
the same as the tensor A;;. In the next section we shall discuss about two important 
types of tensors. 


IL11 Symmetric and Skew-symmetric Tensors 


IL11.1 Symmetric Tensors 


ws a coordinate system two contravariant or covariant indices of a tensor can 
erchanged without altering the tensor, then it is said to be symmetric with 
repect to these two indices in this coordinate system. 
or example, a tensor with components 4,;; i ic wi 
, Fore ijk iS symmet he 
indices j and k if and only if Aijk = Au. ipi pe eet 
The following theorem shows that the 


: etri : 
under coordinate transformation. symmetric property remains unchanged 
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mThoorem 11.1: If à tensor Is symmetrie with respect to two contrayarinnt or co- 
variant Indices iu any coordinate system, then it remains unchanged with respect. 
to theso two Indices in any other coordinate systeni. 


Proof: Let us consider n covariant tensor of type (0, q) with components Aitz... M 
r ` 7 ` i ah LET 4q 

a coordinate system (at) and Ajyiy..é, I another coordinate system (^). Wo also 

suppose that tho tensor is symmetric in the indices 7, and 7, in tho (a:')-coordinate 

system, ‘Then wo have 


Aa ig destipiuiedaeiiety ped um Aianei im (II.11.1) 


Now, 
dat Qv wð Oal — Qm 
O2 Dm ORC ga "Op Daedendeshi 


Ov Gwd Qub — Qc 
= pu via One Aan Dae $42 Ont’ UNLEPRPRELEDT (by IT.11.1) 


Ai heen Er Bre 


Hon Aiitsitiode di? 


This implies that symmetry with respect to 2, and ts also holds in the (2%) coor- 
dinate system. Similar results holds for a contravariant and a mixed tensor of any 


order. This proves the theorem. 
Definition : If every pair of contravariant or covariant indices of a tensor be in- 


terchanged without altering the tensor, then it is said to be symmetric in every 
pair of such indices or simply a symmetric tensor. For example, a tensor Aijk is a 


symmetric tensor if and only if 
Aijk = Ajik = Aikj = Akji- 


or of the second order has at most in (n + 1) different components. 
. However it may be remembered that symmetry cannot, in general, be defined for 
a tensor with respect to two indices of which one is contravariant and the other is 
covariant. But the tensor ój has the property that it is symmetric in i and j and 
this symmetry is preserved under transformation of coordinates. 


A symmetric tens 


II.11.2 Skew-symmetric Tensors 


avariant or covariant indices of a tensor be 
ts is altered in sign but not in 
symmetric tensor with respect 
the tensor Aj; is skew- 


If in a coordinate system two contr 
interchanged and as a result cach of its componen 
magnitude, then the tensor is said to be a skew- 
to these indices in this coordinate system, For example, 
symmetric with respect to i and j if Aij = —Aji. 

It can be easily seen that the skew-symmetry with respect to two contravariant 
or covariant indices in a coordinate system remains unchanged in every other coor- 
dinate system with respect to those indices. — « 
Definition : If every pair of contravariant or covariant indices of a tensor be 
interchanged and as a result each of its components is altered in sign but not in 
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magnitude, then the tensor is said to be skew-symmetric in every pair of such indices 
or simply a skew-symmetric tensor. í 

The Te a can not be defined for a tensor with respect to two indices 
of which one is contravariant and the other is covariant. A skew-symmetric tensor 
A3 of the second order has at most 1n (n — 1) different arithmetical components, 
as all the quantitiés A** are zero (no summation). The several components of a 
skew-symmetric tensor of the n-th order are either zero or differ merely in sign. 


Theorem 11.2 : Any covariant tensor of second order can be expressed uniquely 
as the sum of a symmetric and a skew-symmetric tensor of the second order. 


Proof : Let aj; be the components of a covariant tensor of second order. Then we 


may write 
1 1 
diete, (aij + aji) + 2 (aij — aji) 
= Aji; + Bij, say, 
where i 
Aig = 5 (aij + aji) 
and 


1 
Bij = 2 (aij - aji) . 


Since a;; is a covariant tensor of the second order, aj; is also a tensor of the same 
order and hence by addition and subtraction of tensors, it follows that A;; and Bi 
are covariant tensors of the second order. Also, we have Aij — Aj; and Bi; = —Bji 
and hence 4j; is symmetric and Bj; is skew-symmetric. 
Let us suppose that 

aij = Pij + Qij (II.11.2) 


where P;; is symmetric and Qi; is skew-symmetric. Then 


aji = Pj + Qji = Pj — Qij, ' (IL11.3) 


since P;; is symmetric and Qi; is skew-symmetric. From (1.11.2) and (II.11.3) we. 
get ; 


1 
Pij = 5(a t aj) = Aij 


‘| pi 
and : 


1 Ls 
Qi; = 5 (ai — dji) = B. 
Hence, the decomposition is unique. 


Note : This theorem is also true for a tensor of type (2,0) i.e., for a contravariant 
tensor of the second order. 
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E IL 12 Outer Multiplication and Contraction 


I II.12.1 Outer Multiplication 


f We shall now consider an algebraic operation, called outer multiplication of tensors 
even of different types) which produces a tensor of higher rank than the rank of 


- the given tensors. 
" Theorem 12.1 : If Aj and Be are the components of two tensors 
of type (p,q) and (r,s) respectively (r and s not being both zero), then their 


"outer product is a tensor of type (p +r,q + s) whose components are the quan- 
| S A ida ky Ka... kr 
tities Aj, jo. jg 7 hl... ° 


| Proof : According to the transformation law, we have 


Adis, im Oz" Or" Oz» zy ^ Oc üz tit2...tp (II 12 1) 
j1Ja---Ja Ort Oz? EO Or tp OTN OF 32 A dn Oz J« hiha2...hq? $e 
Sy cw ee Ot kı Or ka Oz *r Or“ Ox “2 Ox“ Bmm2...mr (II 12 2) 
Brits” = gm Oem" Oem OF4 Ozb 7^ gge uvae © LO” 


- From (II.12.1) and (II.12.2) we get 


Gitia--tpkiko..-kr Hs üzr^ 0i» 0r" Oz*- 0g ^i 
Aedhlaeh 77 ph Qzirüz "75 Aa™ JEN 


Ox ha Ox ui Ox Ms t1t2...tpy mma... (II 12 3) 
E. Oz J« 0r COM Oz la hiha2...hqu1ua2..-u, T ^ 


where l "OUR 
: Ail ig...ipkike...kr ER gitir p ky ke..kp ` 


C iaig- baada jij2---jąa lil2...ls 


and EC ' 
: tit2..tpmimo..Tmp __ 1t2...tp mimog...Tr 
C, ilis hui ugssus a Ai vig he Purists . 


t1t2...Ly mima... m. 
Chahswihguraaius, SIE the components of a tensor of 


-From (11.12.3) it follows that 
type (p + T, q+ s). 


JI .12.2 Contraction 


We now consider an algebraic operation called contraction which can only be de- 
fined for mixed tensors by identifying two indiceg one of upper index and another 
lower index. 


Theorem 12.2 : If AB, are the components of a mixed tensor of type (2, 3), then 
f the quantities AD. obtained by replacing the subscript / by the superscript 7 and 
taking summation over 7, are the components of a tensor of type (1, 2). 
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Proof : By the transformation law, we have 


zi 0zj Ox" Or? Oz! 
qul 0r Cees A (1.12.4) 


Putting l=i in (1L12.4) we get 


lu 0x! ƏZİ 0r" ðr! Ox" ,pq 
As =. LE Aal Oum Tat 

ƏTİ Ox” Oz! j*API 
Ox4 OE" ozm P TY 
where 65 =1 fors=pand 65-0 for s # p. 
Using summation convention we get 


dj 023 Ox" Ox* , nq 
Anim = gga ggr Og m TP! 


le., ; 
On Ox "On" og 
0x9 zk AE™ T 
where ,:BZ AC dnd. D$ AP. 

From (11.12.5), it follows that B?. are the components of a tensor of type (1,2). 
Thus we have started with a tensor of type (2,3) and after using the operation, 
contraction, we get a tensor of type (2— 1,3 — 1) i.e., of type (1,2). Here the 
tensor AU is called a contracted tensor of the given tensor and the operation by 
which it is obtained is called contraction. 

In general, if A eon are the components of a tensor of type (p,q),p 0,04 

0, then by replacing any one upper index out of i4,i5,..., ip and any lower index out 
of j1, j2, ...,j4 by the same index and performing summation over that index, we 
obtain the components of a tensor of type (p — 1,q — 1). This process may continue 
p times if p < q and q times if q < p. 
Note : Contraction of m pairs of indices of a mixed tensor of type (p,q) yields a 
tensor of type (p — m,q — m) whose rank or order is less thàn that of the original 
tensor by 2m. Thus contraction can reduce the order or rank of a tensor by an 
even number. Hence if we apply contraction to a mixed tensor of type (1,1) then 
we obtain a tensor of type (0,0) i.e., an invariant. 


Bi = ~ (IL12.5) 


II.13 Inner Multiplication 


Inner multiplication is an operation which is a co 
outer multiplication and contraction. The result 
the inner product of two tensors. Inner multiplic 

If an outer product of two tensors be contracted with respect to an upper inde* 
of one factor and a lower index of the other, then a tensor is obtained which i5 
called an inner product of the two tensors. Thus if we contract the outer product 
Ai; B" for the indices i and k, then it produces the tensor Ai; B?' which is of typ? 


mbination of two basic operations, 
ant object is a tensor and is called 
ation is also known as transvection- 


BS TS EERE TS a ST 
: VIENDNT OT a ee eS ara 
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1,1). Again, if the outer product A;B/ of the vectors A; and BJ be contracted for 


e indices i and j, then it produces a tensor A; B? of type (0,0) i.e., an invariant 
oduct is called the scalar product of the vectors Ai 


or a scalar. This inner pr 
and B because it is a scalar. It is also noted that in Sn, the scalar product of two 


vectors is defined for two vectors of opposite variance. 


11.14 Quotient Law of Tensors 


roduct of two tensors is a tensor. Let us assume that the 
s is a tensor and if one of them is a tensor, is the other 
called quotient law which gives the answer to 


We have seen that the p 
product of two quantitie 
quantity a tensor? There is a law, 
this question in the affirmative sense. 

At first, we shall state and prove this law 
give the same in its general formulation. 


for tensors of order 1 to 2 and then 


II.14.1 Quotient Law for Tensors of First Order and Type 
(0, 1) 


Theorem 14.1: Let B;,i = 1,2,...,n be n quantities in a certain coordinate 
system. If A*,i = 1,2,...n are the components of an arbitrary tensor of type (1,0) 


such that A‘B; is an invariant, then B; is a tensor of type (0, 1) . 


Proof : Since A‘B; is an invariant, for any two systems of coordinates (z?) and 


(z*), we have 
A! Bi = A'B;. (II.14.1) 


Since A? is a tensor of type (1,0), by transformation law, we have 
Ox 


SL y fos 
A c A pgp 


. By virtue of this (II.14.1) can be written as 


A‘B, = APB, 
f OxP 
Changing the dummy indices p and i by i and p respectively, we get 


pis =, On? 
A'B = A'SSB, 


ener m p 
te, Ai (B-B 2) 2: 40) 


-. Since A? are the components of an arbitrary tensor, we have 


B, 9B, =0 
, = ðr? 
165 Bj = pa Pr (11.14.2) 


From (11.14.2), it follows that B; are the components of a covariant vector i.e., Bi 


- are the components of a tensor of type (0, 1). This proves the result. 
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II.14.2. Quotient Law for Tensors of First Order and Type 


(1,0) 


Theorem 14.2 : Let A‘,i = 1,2,...n be n quantities in a certain coordinate sys. | 
tem. If B;,t = 1,2,...,n are the components of an arbitrary tensor of type (0, 1) } 


such that A‘B; is an E N then A? is a tensor of type (1,0). 


Proof : Proof is similar to the case (1.14.1). 


II.14.3 Quotient Law for Covariant Tensors of Second Or. | 


der or of Type (0,2) 


Theorem 14.3 : Let aij (i, j =1,2,...n) be n? quantities in a certain coordinate | 


system. If At and B? are two apbitrasy tensors of type (1,0) such that a;; A*B3 i is 
an invariant, then aij are the CORPOS of a tensor of type (0,2). 


Proof : According to the invariant hypothesis, we have 


f 


F 


34A BÀ = aj ATBÀ. (1143). 
~ Also we have 
-, Ox? 
4 — poe 
i a OTP 
Bip? 
cat l ; 
and B B ETT 


Hence (1.14.3) can be written as, - 


f 


à; À' Bİ = a; ;A?B ———. 
Changing the dummy indices p and l by i and j respectively, we get 


Oz? Ax! WN 
j 
Cpl Bai i Oz SH 


0. 


Q 
2n 

Yı 
| 


e 
m 
l 


Since A and B? are the components of two arbitrary tensors, we got 26 8 
- Ox?.dx! 
Wr Bn gas 7. 
; z Ox? Ax! 
We, Qij = an a >: 
Or! Ox 


This shows that aij 
the proof. 


\ 


t 
D Í 


are the components of a tensor of type (0, 2). This completes 
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1.14.4 Quotient Law for Contravariant Tensors of Second 
Order or of Type (2,0) 


Theorem 14.4 : Let aid (i, j =1,2,...n) be n? quantities in a certain reference 
frame. If A; and B; are two arbitrary tensors of type (0, 1) such that a*/ A;B; is an 
invariant, then a? are the components of a tensor of type (2,0). 


IL.14.5 Quotient Law in General Form 


Theorem 14.5 : Let Aj oe e (each of the indices taking values from 1 to n) be 


l 42 .pÀ p j 
n?t4 quantities in a certain reference frame. If A], A2,..., AL; By’, Bg’,..., Bz? 


. are the components of arbitrary covariant and contrayariant vectors respectively 
- such that 


iiiz.. irir+i. d 2 j j ja 
AS iss dedii» PAS Aj, . ve Ay Bi Ba e B? (r € p,s € q) 


. are components of a tensor of typ (p —r,q — s), then Aj. T will form the com- 


ponents of a tensor of type (p, q). 
The above quotient laws give the general feature, but when order of tensor is 


increased the application of the quotient law in the above forms become cumber- 


| some. So we need to give an alternative formulation of the quotient law, which may 
- be convenient and which is sometimes called the quotient theorem. 


- Alternative Form of the Quotient Law 


f If the result of inner multiplication of some quantities by an arbitrary tensor of 
- known type is a tensor, then the given quantities will be the components of a tensor 
> (types can be easily some); For example, let B7 be an arbitrary tensor of type (1, 1) 


OO C 


Ree m e LR 


- and A (i,j,k) be n? given quantities in a certain reference frame. If B7 A (s, j,k) 
«| (summation over s) is a tensor of type (1,2), then A (i, j, k) is a tensor of type (1, 2), 
ie, A (1, j, k) is of type A5. | 


II.15 Reciprocal Tensor of a Tensor 


Let a;; be a tensor of type (0,2) such that la;;| zz 0. We denote by 5*7 the cofactor 
of Qij in lai;| divided by [ail i.e, 
cofactor of aij in |ai;| (1.15.1) 


b = 
lai] 


From the theory of determinants and in virtue of (IL15.1), we have 


ajbi = ôF . (II.15.2) 


_ Now since 6 is a tensor, so from (II.15.2) b*3 may be a tensor. But we are not sure 


E about the tensor character of b^3 as Gij is not an arbitrary tensor. Hence quotient 


| law can not be applied directly. 


EL 


Dw a a BR EY oes we d S E 
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Let | 
B; = a;;D x (1.15.3) 
where D is an arbitrary tensor of type (1,0). So by inner product B; defined by 
{11.15.3) is an arbitrary tensor of type (0,1). The existence of Bj is confirmed by 
Cramer's rule of solution of non-homogeneous system of linear equations as |a;;| 2 0. 
Now, 


| 
Q 
Z 

S 
"m 

c 
— 
c 


B;b 


I 
J 
L^ 
^ 


and DÈ isa tensor of type (1,0). Hence by alternative form of quotient law, we 
conclude that b* is a contravariant tensor of type (2,0). This tensor 57? is called 
the reciprocal tensor of aj; and is usually denoted by a", i.e., 


aJ = a 
lai;| 
where A¥ is the cofactor of-a;; in |a;;]. 
If b? is the reciprocal tensor of a;;, then natural question arises whether aij is 
the reciprocal tensor of b9. 'The answer is affirmative as shown by the following : 
From (11.15.2) we get 
[721 |b*| = DA L1: 


and hence 
b 2 o. 
Let . 
_ cofactor of bin ja] - 
cij = TET (11.15.4) 
Then 
cib" = 6F. 
Multiplying both sides by axı we get ` 
cijb ay, = Sap 
or, 
cijó] = üil 
or, 
Cit = aii 
ie., 
Cij = Qij. (1.15.5) 


Since cij is the reciprocal tensor of bU, it f 
n ; it follows from (II.15.5) that a;; is the 
reciprocal tensor of b. Thus we have proved that if b?) is the reciprocal tensor Q 
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aij, then aij is the reciprocal tensor of b. The tensors aij and b!) of type (0,2) 
and (2,0) respectively are called mutually reciprocal tensors or mutually conjugate 
tensors if aijb*? = oF. 
Note : The conjugate of a tensor a; is usually written as a? and 


co 
aija = 0} — n. 


Note : While defining the reciprocal or conjugate of a tensor most authors usually 
prefer to start the discussion considering symmetric tensors only. But this is not 
true, in general. 

There is no harm if we consider any tensor symmetric, skew symmetric of even 
order or any tensor which is neither symmetric nor skew-symmetric. The only factor 
we have to take care that determinant of the tensor is non-zero. 


1.16 Relative Tensor 


| . 11i2...i ‘ ; : : 
A set of n?*? functions A; ja..j, Of n coordinates in a coordinate system (z*) are 


said to form the components of a relative tensor of order p + q and weight w if they 

transform according to the following rule into another coordinate system (z*) given 

by ; 

unii ge O2 tOr OTH OPO: TOT Arira 
TIN Oz": Oxt2 ` Otte Oz Oris "Om 917854" 


where J is the Jacobian of the transformation i.e., J = | 22. 
A relative tensor of weight 1 is called a tensor density. A relative tensor of 
weight zero is called an absolute tensor. A relative tensor of order zero is called 


relative scalar. Thus if y 


OT 
ða 
then Q is called relative scalar of weight w, where Q is a scalar. A relative scalar 
of weight one is called scalar density and a relative scalar of weight zero is called 


absolute scalar. 

Relative tensors of the same type and weight may be added, and the sum is a 
relative tensor of the same type and weight. Relative tensors may be multiplied, 
the weight of the product being the sum of the weights of tensors entering in the 
product. The operation of contraction on a relative tensor yields a relative tensor 


of the same weight as the original tensor. 


Q=Q 


? 


IL17 Cross Product or Vector Product of Two Vectors 
Let us start with two covariant vectors A; and B; of Sn. If we consider 


Cij = A,B; — A; Bi, (II.17.1) 


then we have 
Cij = -Cj. (II.17.2) 


ee 
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Now, since A; and B; are two covariant vectors, 


a; Ox? 
17 bz? 


and i Əza 


By: 


j 7 zi 


A i 
Henc ðt? Or 


Aij = gat ogi ^ rn 
from which it follows that A;B; is a tensor of type (0,2). Similarly A;B; is a tensor 
of type (0,2). Therefore, by virtue of (II.17.1) Ci; is a tensor of type (0,2) which ls 
skew-symmetric as follows from (1.17.2). This skew-symmetric tensor Cj; is called 
the cross product or the vector product of the vectors A; and Bi. 


IL18 Examples 


Example 4. Show that ói is a mixed tensor of order two. 
Let u* be an arbitrary vector. Evidently, 


iu = Ui; (11.18.1) 


is a tensor of order 1. Thus, the inner product of ói with an arbitrary vector is a 
tensor. Hence by quotient law, ói is a mixed tensor of order two. 


Example 5. The components A; of a covariant vector in the coordinate system 
(x*) are taken as follows : A1 = f, where f is an arbitrary function of the x‘’s and 
A;=0, j =2,3,...n. Show that the components in any other system (z*) are 
given by 


Ox} 


Ai = fa i-1,2,...,n. 


Since A; are the components of a covariant vector, 


have by transformation law we 


Ord 


Aj = agi 4n 4,9 7 1,2,;..n 


7 ui^ t agi act cb Án (1.18.2) 


According to the problem, we have 


A, -fA 4g. —AQ-0 


SNELL ON 
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-. Hence (II.18.2) takes the form 


= Ox} Oz! 
= Jz ^4! = Saar i=l; Peer | 


t Example 6. If the relation aivi = 0 holds for an arbitrary contravariant vector 
vd, show that aj = 0. 
E The given relation can be written as 
E ajv! c ajv? ...-Faiv" —0, i—1,2,...,n. (11.18.3) 
HE Since (a is arbitrary, we may choose it as (1,0,...,0). Then v! = 1,72- — 
E O,.. = 0. Hence from (II.18.3) we get - 

ai =0. - (IL.18.4) 


L From (1.18.4) and (IL.18.5), it follows that 


_ Next, if we take v2 as (0,1,0,...,0),(0,0,1,0,...,0),...,(0,0,.. 
"sion, then from (IL.18.3) we can i obtdin p 


. ,0, 1) in succes- 


aj — 0,ai — 0,..., ai =0. (II.18.5) 


_ Example 7. If the relation b*u;u; = 0 holds for any arbitrary covariant vector 


ie ui, prove that b? + bi? = Q. 


The given relation is | 
b? uuj = 0, 


- where w; is an arbitrary covariant vector. Since the number of components of the 
- system b? is n?, the left hand side of the given relation contains n? terms. Out of 
4 these n? terms in n number of terms the indices i and j are equal i.e., the terms 
are bluu, b22usus, . .. , b" "uus. Hence in the remaining n (n — 1) terms i and j 
are unequal, t.e., the ean are like b1?u; uo, b!%uu3 etc. Thus the given relation 
- can be written as - 


b uuu, + b? usus T.F bru nUn + b? uus + m =A (II.18.6) 
| 


E Since ui is arbitrary we can choose u; as (1,0, . . ,0). Sou; = 1,u2 =0,...,un — 0. 
| Thus (1.18.6) takes the form . 


bi = 0. (II.18.7) 


“Next choosing u; as (0,1,0,...,0),(0,0,1,0,...,0),...,(0,0,...,0, 1) in succession, 
: from (II.18.6) we get 


b? — 0,533 = - 0. 3 bf = 0: (II.18.8) 


From (1.18.7) and (11.18.8) we get 


b-0,  foi-j (1.18.9) 


ae T 
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We now choose u; as (1,1,0,...,0). So uj = 1,u2 = 1,us = 0,.+-,;Un = 0. Then : 
from (11.18.6) we get 

p1?2.-0? 20 by (IL18.9). 
Next we choose u; as (1,0, 1,0,...,0) etc. in succession such that in each case two — 
components being 1 and tlie remaining being zero. Then from (II.18.6) we get by 


virtue of (II.18.9) 
p34 931 2 9,01 4-b — 0 ete. 


Thus we have 


bibi = 0 for i x: j. (11.18.10) 
Combining (II.18.9) and (II.18.10) we get 
bd +b = 0, (11.18.11) | 


Note : In DE if b? is symmetric, then we have b = p for all £,j and 
hence from (II.18.11) we get b*7 = 0 for all i,j. 


Example 8. If a/?u;u; = buju,; for an arbitrary covariant vector u;, show that 


a +a? = p" +67. 


The given relation can be written as 


cuju; =0 (1.18.12). 

where | i 

c = gt — bä, (11.18.13) ` 

By Example 7, it follows from (II.18.12) that : 
c? n" = 0, 
ie, a=b" +a- b = 0, 

or, at tað = bpi for all i, 7. 
Example 9. If Ajj is a symmetric tensor and Bi; ji, Show that Bj; is 8- 


symmetric tensor, 
Since Aj; is symmetric, we have 


Aij = Aji for all i, j. 
Now we have 
; Bi = Aji = Aij 
i.e., 
Bij = Aij for all i, j. 
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- Again, 


Bj = Aij 
and hence By = Ay = By. 
i.e., Bi; = Bi; for all 57 


| Hence Bi; is symmetric. 


E Example 10. If a tensor Aijk is symmetric in the first two indices from the left 
and skew-symmetric in the second and the fourth indices from the left, show that 


Aijx = 0. 


Since Ajjx1 is symmetric with respect to 7 and j we have 


Aijkt = Ajik - (11.18.14) 


_ Again, since Aijki is skew-symmetric with respect to 7 and l we have 


 Aijki = —Aitk; - | (11.18.15) 


: Adding (11.18.14) and (IL.18.15) we have 


© 2Aije = Aj — Aükj 


. Hence 


= -—Ajui— Aük; [by the property of skew-symmetry| 
= —Ajui-— Auk; [by the property of symmetry] ` ` 
—Aijki — (— Aiii) [by the property of symmetry and skew-symmetry] 
= —Aijri Agi | 
= 0 


Aijki = 0. 


b Example 11. If A’ and Bi are two contravariant vectors, then prove that their 
outer product A‘B? is a tensor of type (2,0). But the converse is not true. That 
_ is, a (2,0) tensor can not be expressed as the outer product of two contravariant 


E 


i- vectors. 
From the transformation law of covariant vectors, we have 
=i 
yee OZ" Ak 
l Oxk 
EP Ox) |) 
and B? —$ 
Ox! 


Res 
É 
5 
E 
f 


Taking outer multiplication of the above relations we get 


E 


boa ôT ôT 


ipi a oo Ak l 
A'B ak Ogle 


If we take P*! = A* B! and P* = A* B!, then the last relation can be written ag 


pi Ox O85 py 
Örk Oak”? 


which implies that P*! is a tensor of type (2,0). 


For the converse part, let us consider the 2-dimensional Euclidean space FE, Tn 
E; let us take a (2,0) tensor A* defined by 


Ad = 1, if i=j 
0 if ij 


Let, if possible, there exist two contravariant vectors C and D such that AÓ can 
be written as an outer product of these two vectors, i.e., A = C'D1, Then 


ODE = Al'z1 - implies C40, 
CD? = A? =0 impies D?=0, since C! 40, 
Again C? D? = A? = 1, but since D? = 0, therefore C? D? must be 0, i.e., A? = 


which is a contradiction. Hence, A can not be written as the outer product of two 
contravariant vectors. 


Example 12.. If the equality AA? = oA holds for any contravariant vector Af, 


where ø is a scalar, show that 
i. D 


The given equality can be written as 


AAI = aóiAi (11.18.16) 
or, (M-cójAi = 0 (11.18.17) 
or, Ai = 0 (11.18.18) 
where, pi = M — aój. (11.18.19) 


But by Example 6, it follows from (11.18.18) that 


H =0 for all i,j 
1.€., 


Dik i 
Àj =06;. 


Example 13. If f is an invariant, determine whether 225; is a tensor. 
Since f is an invariant, we hae ane 


~i 
ll 
—- 
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. Then, z 
Af "OF x? —— = 
ag Oz? Ox’ since f= f: 
| go, 
oT UN DT brl? | Of O%xP 
OTİT üzlüz? Ozi 033 xP OziOzi 


0?f Ox' Orc? Of 8?’r’” 
Ox Ox? Tt EI ^ Ox? OZ*0EI 
` Due to the presence of the second term in the right hand side, 33 s is not a tensor 
- in general. 


| Example 14. If 
6; = 1 — when i = j 
= 0 when 7 m j, 


- for all coordinate systems (z$); determine whether 6;; are the components of a 


' covariant tensor of second order. ; 
Assuming that 6;; is a tensor, we have, for its components in a changed (primed) 


- coordinate systems, the values 


0x? Oz? 
0s! Oz ^? 
ðr“ On” 
—_ —— since daa — 1 and dap =0 fo 
ZI UL RE oos ER) 
F óij \ 
in general. This implies that 6;; are not the components of a covariant tensor of 


order 2. (However, if the transformations are orthogonal, it is easy to see that 
6;; = 5;; . Thus the 6;; does form components of a covariant tensor for orthogonal 


à; 


transformations.) 
- Note : The components | 
ji 5; curd when i= j 

0 when i £ 7, 


- form a mixed tensor of order (1,1), 


Example 15. If auju, is an invariant for an arbitrary covariant vector u;, show 
that aj + aft is a tensor. 
Since atuu; is an invariant, we have 


l 
| 
Em] 
E 
= 
= 
M. 


TACT. 
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j OE? Ox" —— Up 
a9 
EP Drj P 3 
ir en ü 
—-.gqP 2-1 jy 


interchanging the dummy indices i and j A p uf q respectively, 


on Ox? Ox! 

S. Bazi; =0 (11.18.20) 

where ; 

i oz’ dzi 

=a — a L— IL.18.2 
Ed uU TET ( 1) 
Since à; is arbitrary, it follows from (11.18.20) that 

B + B? =0. (11.18.22) 


In virtue of (II.18.21), the relation (II.18.22) can be expressed as 


Orr] 0x3 Oz 
512 .— pq iu a yt my PG ox FÁ 0 
Ox? 0x4 l Ox? O24 
Oz! 0zj 0zj Oz! 
goa gts pg OF UM o. PII eS. 
d ae örr Ont” On? Ont 
l — ar Oz* OTI ,9z? Ox" 
Or? Ox4 0x1 OxP 
(replacing the dummy indices q by p and p by q in the second term of r.h.s.), 
0z! Ox ; 
= (a?! +a?) ER (11.18.23) 


From (11.18.23) it follows that a + a7 is a contravariant tensor of order 2. 


Example 16. Show that in an n-dimensional space a covariant skew-symmetric 
tensor of second order has at most $n(n— 1) tent arithmetical components. 


Since a covariant tensor a;; of second order has n? components in Sn, they nn 
be given as follows : 


011 Q12 Q1g ... Ain 
421 429 Q23 ... : Aan 


(n1 ang an3 eee ann: 
Since a;; is skew-symmetric, we have 


Qij = —Qji, 4j =1,2,,..,n 
Hence 
ai 0 forall ^$21,2,...,n, 
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Thus 

011 = 022 =... = Ann =O. 
So the number of independent components corresponding to a repeated suffix is 
zero. Hence the number of components of distinct suffixes = n? — n. But due to 
the skew-symmetry, this number is reduced to nit, Therefore the total number 


of independent components of aj; is * aft +0 = in (n — 1). 


Example 17. If aijx is completely skew-symmetric and the indices run from 1 to n, 
show that the number of distinct non-vanishing components of dijk is n(n-1)n-2), 
Since tijk is completely skew-symmetric, we have 


ijk = —Ajik, (11.18.24) 
Qijk =  —Akji (11.18.25) 
Qijk = —Aikj. (11.18.26) 


When aij is of type aiii, then taking i = j = k in (II.18.24) we get 
/ 
Qiii = 0 for all i = 1,2,... n. 


Hence the number of independent components of aii, is zero for i = gk. 
When aj; is of the type aiik, then by skew-symmetry 


Qiik = liik 
i.€., Qik = 0 for all i,k = 1,2,...,n. 


Hence the number of independent components of a; is again zero for i = j;ijk = 
1,2,...,n. Therefore, the number of distinct non-vanishing components of aijx is 


"C3 aes n(n-(n—2). 


Example 18. Prove that 24i is not a tensor though A; is a tensor of type (0, 1). 


Since A; is a covariant tensor, we have 
PEE D 
Ai = QU 
Oz: 


Ak. (11.18.27) 


Differentiating both sides of (II.18.27) with respect to iJ we get 


i Lage. 2, k 
! PAs" -DAy Ou On ose (11.18.28) 


Ani On! OB) OB! nomia 


Due to the presence of second term on r.h.s. of (11.18.28), it follows that 24+ is not 
a tensor. ; i ' 


Example 19. If the tensors aij and b;j are symmetric and u!,v* are components 
of contravariant vectors satisfying the equations 


(aij — obi5) v = 0, 
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(ai; — 855) v* = 0, ij = 1.2,....n, a; B, 
prove that n . 
b;u' v? = 0, a;;u'v? =0. 
We have 
(aij = ab;;) ut = 0, (11.18.29) 
(aij — Bbi) v? = 0. * (IL18.30) 


Multiplying (11.18.29) and (II.18.30) respectively by vj and u? and subtracting we 


get A NE 
a;;u*v? — a;jv'u? — ab;;u'v? + Bb;jv'u? = 0. 


Interchanging i and j in the second and fourth terms and noting that- 


l 


bij = bji, Qij = Gji, 
we get 
a;;u*vJ — a;v)u* — ob;;uiv? tbjviu* = 0, 
Or, —(oa—f)b;uivi = 0. 
Since a + f, it follows that ie SÉ 
b;ju'v? =0. 5 (H.18.31) 
Again multiplying (11.18.29) by v7 and remembering (11.18.31) we obtain 
a;;uiv? —o0 = 0, f 
or, a;uív) = 0. 


\ 


\ a j i 
Example 20. If a;; and.a?* are reciprocal symmetric tensors of the second order, 
show that 


, ij Olij ðaž s. 
ack Er EA 
(it) Oxrk ei Ark Er — lij Orr , | 


where a = |a;;|. 
Since aj. and af are reciprocal tensors, we have 


aja? i= n. 
Differentiating the above rélation with respect to z^, we get 


Ox k ərk 
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< which is the result (i). From this we have: 


,,0aij dai 
c MM (11.18.32) 
Now, m 
1 0a _ cofactor of aj; in lai;| ( 8aij 
a Oak a Ox * 
Bas E 
gu T by definition of a” 
Ologa ;, 0aij 
or, BLEU a rk 
Combining this result with (II.18.32) we get 
Ologa _ 0a 
Qzh (pk 


which is the result (ii). 
"Example 21. If f is a scalar function of coordinates «', then show that 2 is a 


“covariant, vector. 
Let us consider the coordinate transformation 


rt? > T 
i.e., gio = gt (z*) : 
Then j : 
‘ Of Of Oc* 


. . 4 A k 
hich is of the type A; = An Sez, where A; = ah. : 
This is the law of transformation of a covariant vector. Hence 2L is a covariant 


vector. 
, 
/ 


xample 22. If the relation Aijku i4,J4,* = 0 holds for any arbitrary contravariant 
ector ut, show that 


Aijk + Ajri + Aig + Ajik + Arji + Ain; = 0, 


here it is given that A;jx are constants for all i, j, k. 
Let : 


A= Ajjguturu® = 0. 
his implies 
j A = Apqru Py Iu" = 0. 


ince u? is arbitrary contravariant vector, we obtain 


25 = Ajgrutu” + Apiru?ul + Apqgiu PUT = 0, 
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an a Agri" + Aigju? + Ajiru” + Apiju? + Ajgiu* + Apjiu? = 0, 
ujQu | 
ama = Age + Aang + Ajik + Arij + Agri + Angi = 0. 
Hence 


Aigk + Aug + Ajik + Arig + Agri + Arji = 0. 


k — 0 holds for any arbitrary contravarian 


Example 23. If the relation Aipu ‘utu 
tric in i and j , show that 


vector uï, where Ajj, is a tensor symme 


Aijk + Ajki + Anij = 0. 


From Example 22, we have 


Aijk + Aikj + Ajig + Aki + Ajri + Anji = 0. (11.18.33) 
Since Ajj, is symmetric in i and j we have 
Aük -—  Ájk (11.18.34) 
Aij = Azk i . QL1835 
and Aki; = Agji- (11.18.36) 


Using (11.18.34), (11.18.35) and (II.18.36) in (1.18.33) we get 


2Aijk + 2A; +2Akij = 0 
i.e., Aijk + Ajri + Aji; == +0); 


Example 24. If the relation A;;..u‘yiy*y! : 
niae ku ^v?u*v* = 0 holds f i 
vectors u? and vt, prove that ij | or arbitrary contravariant 


Aijki + Aükj + Akjü + Akli; = 0. 


Let 
| A = Apgrgt?v tury? — Q. 
ince u* and v! a i i 
re arbitrary contravariant vectors, 
OA 
Bui T Arautu ys + Apgist?v tws = 0 
? 
0?A 
ðviðui = Aijrsu" v? +A; jv Tu” Pys 
ur M iqrj + ApjisuPv? + Ay; juPv* — 0, 
ð? A 
pee ASN hd 
QutQvigyi 
04A 
"a TA Le = i7 
Jolu revan Aiii + Athy + Anja + Aki; = 0. 


we get from the above 


A; X v? > of q 
ijksU + Aigkjv ot ÁAkjisU? T AkgijU? zs 


1 
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Example 25. If B” are the components of a contravariant tensor and C;, D, are 
the components of two covariant vectors, show that D 4C; D; is an invariant. 

Since B” are the components of à contravariant tensor and C; and D, are the 
components of two covariant vectors, we have 


zu 0x! özi 
BY = act ane (11.18.37) 
Ont 
b= ANO (11.18.38) 
and Dp, = AE; a (11.18.39) 
Now, 
ae 03! ƏTİ Ox" ðr” | 
BUG = ack Dap opi ae De D [using (11.18.37)-(11.18.39) ] 


Or! Ox" OxjO0z? .— 
= Bet asi jos pe; P OD» 
Lx BFO.D, 
c 6 B62 D. 
= B ""C.D, 
= Bi C;D; [replacing the dummy indices r and p 
by i and j respectively]. 


Hence B ?^C;Dj is an invariant. 


| Example 26. If a;;,b, are the components of a symmetric covariant tensor and a 
covariant vector respectively satisfying the relation a;;by + jb; + akibj = 0, prove 


that either a;; = 0 or by = 0. 
We first suppose that one of the bs, say b, is not zero. Then putting i= j = 


k= 1 in the given relation we get 


abi 8415140111 = 0 
or, 3a11b1 = 0 
or, a =0 (since bı # 0). (11.18.40) 


. Next putting i = j = 1 in the given relation, we get 
a11by + a1kb1 + ak1bi = 0. 
i By virtue of (I1,18.40) and the symmetry of aij, we obtain from the above relation 


2a1&b1 =0 


ai, = 0 | for all k. ~ (1118.41) 


r 
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Finally, putting k= 1 in the given relation, we get 


aijbi + ajibi + aid) = 0 
; deam) 
a;;by + a15bi + ajibj 3 
3 .aijbi = 0 [using (11.18.41) ] . 
a dij 0 (since, bz 0). (11.18.42) 
, 


#0. Then by must 


ponents of aij, SAY 411 
Hence either a;; = 


that one of the com 
zero as already proved. 


Next, we suppose 
wise (ij must be 


be zero for all k, other 


0 or & — U. 
Example 27. If aij, bii are the components of two symmetric tensors in Sn such 
that 

|bii] £0 and a;5bki — ajbjk + ajkbii — ayibij = 0 


where o is some scalar. 


then prove that, aij = abi;, 
d |byi| # 0, we can obtain c 


: : ‘ ij 
Since bj; is Symmetric an J such that 


bici" = Of. (11.18.43) 


Multiplying both sides of the given relation by ck! we get 


kl 
ac bi — auc" bj + ajkc" bit — apıc bij 


ll 
o 


Or, nGjj — aiid; + ain; — obi; 


where c = ax1c*!. Therefore 


Naij — Qij + Qji — obj; = 0 


Or, ; Qij = -abi;, 
where a = Z is a scalar because c is so. 


Example 28. If aij is a covariant tensor such that |a;;| 4 0, examine whether the 
determinant |a;;| is an invariant. aS 
Since aj; is a covariant tensor, we have \ 


Ox? Ox? 


Qij = DoT RTT apa: 
J Ori Aes P! 


(25) = (BBE) ( BF) Can ) 
Hence 
=. Ox? | |Əxı 
Qij —— 
id xi [gg | val 
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= J? land ! (11.18.44) 


where J is the Jacobian of the transformation | |. From (11.18.44), it follows that 
|a;;| is not, in general, an invariant due to the presence of the term J ? in the right 
hand side. 


Example 29. If the relation Afu! = 0 holds for an arbitrary tensor uf, show 


that 
jk = 0. 


The given relation can be written as 


Ahul + Abu?! +... + Au?! =0. (11.18.45) 
For l = 1, we get from (11.18.45) | 
Atul! + AZu +... + Aut? =0. (11.18.46) 


Since up? is an arbitrary tensor, we may choose its components arbitrarily. First we 
take . 


ut! =1, ul =0, ...,. uwl-0. 
Then from (11.18.46) we have 
Aj, — 0. (11.18.47) 
. Similarly, if we take 
ul!-0, ug =1, ... unl — 0, 
we may obtain from (11.18.46) that 
Aj, = 0. (11.18.48) 
Proceeding in this way we may obtain 
Aj, = 0 for all r (summation not implied). (11.18.49) 


Combining (11.18.47), (II.18.48) and (11.18.49) we get 
Ai, = fo i=k. (11.18.50) 
Next, if i + k, we get from the given relation 


Ahu? + A2 uj! "bunk 0. 


In a similar manner, choosing uj? arbitrarily, we can show that 


in = fo ik. (11.18.51) 
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Combining (11.18.50) and (11.18.51) we get 
Ai, =0 for all i, j,k. 


Example 30. If a;ju iu? is an invariant, where u’ is an arbitrary contravarian 
vector, a;; is a symmetric tensor and u* = A' + B’, then show that a;;A*B3 is an 
invariant. 


Since a;;u*u7 is an invariant, we have 
üü'üó = ajuíu . (1.1835) 
Since uf =  A!-FB and aj; is symmetric, we obtain from (11.18.52) 
à; A ÀJ La BIB? + 20y A BI = aA AÍ + aij B BÍ + 20;;A*B?. (1118.53) 


Since u! is an arbitrary contravariant vector, we get from (11.18.52) 


a;;A*A? = aij A! A3 (11.18.54) 
and ai;B'BI = a;B‘*B?. (1.18.55) 


Using (11.18.54) and (11.18.55) in (11.18.53) we obtain 
a; A! B? = a;;A*B?. 


Example 31. Prove that the transformations of covariant vectors form a group. 
Let S be the set of all transformations of covariant vectors and T,T ’ be two 
transformations from the system (z*) to the system (z*) and from (z*) to z* given 


by 
E p 
m d c Anse ; (11.18.56) 
Then the product transformation T’T is given by 
= Ox? OTT 
T'DUAS mA ET Dei [ by the above two equations] 
Ox? z 
= Ap (11.18.58) 
From (11.18.58), it follows that 
T'T e $. (11.18.59) 
Let E be the transformation given by 
OxP 
E: A; = Aix. 18.60) 
A ar : (IL1 


(4 


LESTER UST 
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Then 

5 ET - TE =T. 

: Hence E is the identity transformation and from (11.18.60) it follows that 

a BeS. (11.18.61) 

- From (11.18.56) we get 

| Ay a AE (11.18.62) 
p 1 Ox p ‘ » . 


- We denote this by Ti. Since T represents the transformation from the system (z*) 


"to the system (xt), it is the inverse of T, Hence from ( 


bP Finally, it can be easily ve 


11.18.62) it follows that 
TES (11.18.63) 


rified that if T” represents a transformation from the 


> 


system (z*) to the system (z*), then 


(T"T*)T =T" (T'T). (11.18.64) ` 


[ In virtue of (11.18.59), (11.18.61), (11.18.63) and (11.18.64), it follows that S forms a 


. group. 
É Example 32. 
_ dinates then show that 7, 0 are components in polar coord 
` has components £,j in Cartesian coordinates, 
| polar coordinates are rP—r0?, 0+ 270, where 


y in rectangular Cartesian coor- 
inates and if a vector 
then prove that its components in 
dots representing differentiation with 


If a vector has components t, 


E respect to a parameter t. 


Let us consider contravariant transformation : 


e: 0z? 
UE Bow 
SEE OxP 
i Ox Oz" 
: This implies, 
| i 0$! 90% 
jue aya Eutr 207 
AUT OE Ox? 
5 Ox? Oz? 
; Hence, 5 f 
i i1 gi el ar 
| A -A + A (11.18.65) 
Ls 00 4208 
E | 5? = A1 A (11.18.66) 
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where t! = z, r?-y, ior, F2=8. 


We know that, | 
x = rcosÓ, y —rsinO 
Then y 
tpg eri, 0 —tan^!— 
x 
Hence 
ðr r Oy r Ox r?' ð r? 18.67 
Again 
r? = a? + y? => TT = rt yy. (11.18.63 
Differentiating again with respect to t, we get 
Mork =i? toby? + yi 
or, 
zi yj =F? +r- (+t? +97). (11.18.69) 
Now 
r-—rcos0 => $ -—fcos0— rÜsin6, 
y-—rsinü > y — f sin 4- rÜ cosQ. 
Squaring and adding we get 
i?.434?—5?.5,1292. (11.18.70) 
Using (11.18.70) in (11.18.69) we get 
Bi + yi - P^ re — (#4726?) 
or, 
tit yj = rf — 262, (11.18.71) 


Case 1 : We first suppose Al=%, A?= y. Then we are to prove that 


Als T A? — 6. 
In this case (11.18.65) and (11.18.66) become 


.T : 
T T 
2 dis: 80 490 EE =y z 
A = Los TUG, =# (=F) +9(5), 


or, 
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and vm 
AS CIEL Sp 
T 
E E 201 (ye—ay\ _ $2 —3V 2 (1118.72) 
9 = tan * = => 0 = - (5) 


pifferentiating again with respect to t 


"m { (dja + gà) — (By + ay)} r? — 2r? (v — $y) 
= } d 
z—ğ 2r 

or, 6 (2 5 r) a E a 

m M = = 29 [by equation (11.18.72)] 
or, i . 
| Po = b+ 256. (11.18.73) 
T : 


Case 2 : Next we suppose At = à, A? = g. In this case (11.18.65) and 
(11.18.66) become 


fl a xorg gor gh 4 y] . IL.18.74 
= $55 t$. Tie y. ( 4 ) 
12 „o OH. xxx hi sif II 

A* = as + Voy =#(=3)+9(). (11.18.75) 


or, 


Al =#—7r6?. (11.18.76) 
From (IL.18.73) and (11.18.75), we have | 

uc | 

A? - à id. | (11.18.77) 
From (II.18.76) and (II.18.77) we get the required result. 


Example 33. A covariant vector has components zy, 2y — z*,az in rectangular 
Cartesian coordinates. Determine its components in spherical polar coordinates. 
l The relation between Cartesian coordinates and spherical polar coordinates is 
given by l 
x = rsin coso . 
y rsinÜsinó >. ^. (11.18.78) 


z Tr cos 0 


| 


~ — — —— '—— 
eer gs à 
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Let us suppose that 9 eee : 
clea, v 59] os zi MINIS 
Bier, d35-0, dm. yj 


Suppose a E 
Ay = ty, Ag = 2y — 2^, Ag e wg, 


m ; ; 
Then Ai, Ag, Ag are components of a covarinnt (onsor i (: ‘) systom. Wo Now 
détermine A‘ in (¥*) system. By transformation law, wo havo 


Ay = A$ = Aga 7 T Duc T" Aye i 
or, Ay = Arno Dr + Ag = ol “+ Ag am (H 18,80) 
Taking i = 1 in (11.18.80) we got 
Ay = Ae 4 m EE Ayo 
o ÅA 5 E + Ayo d: Agee, (11.18.81) 
Similarly | 
Ay’ 5 z LA ou n As? (11.18.82) 
yee ee ca 5s = + AY A Ld x (11.18.83) 
From (11.18.78) and (11.18.81) we get l 
A) = (ay) (sin 0 cos ¢) + (2y - z ?) (sin sin p) + wz (cos 0) 
or, | 
A, = (r?sin?0cosósin p) sin 0 cos 9 -- (2r sin 0 sin 6 — r ? cog? 0) sin A sing 
+ (r^ sin 0 cos $ cos 0) cos 0. 
Similarly from (11.18.82) and (11.18.83) we got 
Ap = (r?sin? Osindcos p) (r cos 0 cos d) +- (2r sin 0 sin o — r? cos? 0) 
(r cos 0 sin d) + (r? sin 0 cos $ cos 0) (—rsiu 0), 
As = (r?sin? Osin pos $) (=r sin 0 sin 4) + (2r sin 0 sin 9 — r? cos? 0) 


(r sin 0 cos ¢) 4- (r ? sin Ó cos cos 0) (0). 


Example 34. Prove that the scalar product of a relativo covariant vector of weight 


w ma a relative contravariant vector of weight w’ is a relative scalar of weig? 
v -w'!. 


| a 


\ 


| 
| 
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55 
Lot A’ bo a relativo contra 
variant vector of weight w’. 
t we are to show that 


variant veetc 

r Ce Mn " i ; 

C To provo rae of weight w and B; be a relative 
AS à a * A 3 

gU iat AB, is a relative scalar of weight 

Oa wao? 


OX 


Now 
A? Og 


= A p 


Owr 


s: | " 
OX | 
Ox 


OX 


w' 


P = Ox 


s D — 
Oi! 


Then, 


wtw’ 


{PB om Ox? | Oa 
"Ox Ov? | OT 

t 

Ox w-bw 


Ox 


w+w’ 


= A? Baôp 


Ox 


OX 


= Ata, | 


= APB, 


ww! 


Ox 


Example 35. If A‘ and A;; are components of relative tensors of weight w, show 


that : 
TM u gafes 
ai= a” 

* m 
- ðxz|” 
|| = lil | 55 


By the definition of a relative tensor, we have 


A9 = 400 DEL DES E i (11.18.84) 
and À 3 
Ai; = bap es Bai s (II.18.85) 
From (11.18.84) and (11.18.85) and by virtue of 
ani |, [8027]. | 
ra| |0z? Ox |’ 
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56 
we get 2s ax |” 
"m = |A% ôT 
and ðr ax|" 
|Aij| = [Aca = da | |Z 
But a - i 
E = a and - |Aapl = Lo ý 
xv T 
Hence w—2 
[as] = 49 55 
and w+2 
å Ox 
|Ais| = NIE 


OA; 
Example 36. If A; is a covariant vector, examine whether BA; — 37 are the 
components of a tensor. 


Since A; is a covariant vector, we have 


Ox? 


AS. ; (11.18.86) 


Differentiating both sides of (1.18.86) with respect to ZÍ we get - 


_ Ap Ox* Oz? 32er 
= Oz* 0zj 05i ^ r garaz (IL.18.87) 
Interchanging i and j we have 
3A; DÁpüzhOz? gyp 
03!  Ozk Oni gz TETTE (11.18.88) 


Subtracting (1.18.88) from (11.18.87) we get 


dA; Ə; aA, 8A, Ox Or 


f OA, Oz Ox? 

. Ori gt = Dak Oni Ogi ~ pat Bar 0i! ORT" 
eplacing the dummy ; j 

E my index p by k and k by p in the 


Second term of the right hand 
= = En - (Se - A eee da* 
That is, p 
B.- Oz? Ag k 
ij Poe oar Ont z 037 [ (11.18.89) 


Fo inn 
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«here 


From (11.18.89), it follows that B;; is a covariant tensor of order 2. 


pxample 3T . If aij is a covariant tensor of order 2 and |ai;| = a, then show that 
jisa relative tensor of order zero and weight 1 
From the transformation law, we have 


in =a OxP Ox4 
‘ty — “pq oa -> a—5- 
SEAT IET 


Taking determinants of both the sides we get 


ü OzP||Ozx? 
Gi; = 7 
la:5| lapal FERES 
Or,G — a Ox ? 
i Oz 
Taking square root, we get 
Ox Ha 
Va=Va\—|, 
Oz 


which shows that ,/a is a relative tensor of order zero and weight 1. 


Example 38. If 4j; — 0 for i Æ j and Aj; E: 0 for i — j, show that the conjugate 


tensor 
B9 —0 for izj and Be = (summation not implied). 
Let 
A= |{Aj|- 
Since l l 
Aij = Ofor 2 + j and Aii Æ 0, 
we have 
An 0 0 0 
0 As O 0 
|Ai;| =A = 0 0 A33 0 
0 0 0 Ann 


= A11422 eee Ann: 


Since B4 is the conjugate tensor of Ajj, we have 


p" 


58 


Evidently 


Generalizing this result, we get 


BY=0 | for 


Now 


Similarly 
Hence in this way 


i.e., 


IL19 Exercises 


Exercise 1. The components A‘ 
(z*) are taken as follows : 


A! = f, where f is an arbitrary function of the z?'s ond A = 0, 


CN 
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M 


cofactor of Aig In. |A ul 
REE er iT 
A 


cofactor of A1, in. |A] 
A 

Ao2 A33 ve’ Ann 

A11422 RD Ann 


of a contravariant vector in a coordinate system 


j 232,4" 


Show that the components A‘ in any other system (%') oro given by 


* Oz! 
Pul 
os Ox } 


Exercise 2 . If the relation biv; 
show that bj = 0. 


n $= 1525800) Ms 


= 0 holds for an arbitrary covariant vector “i 


Exercise 3. If the relation a;jv'v7 = 0 holds for an arbitrary contravariant vel 


vt, show that a; + aji = 0. 


| 


ALGEBRA = 


port J 


ff 
ub cade Lu. s 
A. If ajju'u? = biutui for, : 

gise d d an arbitrary : i then 

jr hat (4j + aji = bij + bys. ¥ contravariant vector u 
o : 
F ^ i ; 
o5., If the equality af, = ov; holds 


ere” P í 
" p galar, show that aj = gôf. 
7] f 


for every covariant vector v;, where 


o 6. If aij is a skew-symmetric tensor. pr 


pere ove that 


(5560 + FiF) aa, =0. 


pyercise 7, Prove that 6; is a mixed tensor of type (1,1). 


e 8. Show that in S, a symmetric 


ercis . 
px L n(n + 1) different components. 


covariant tensor of second order has 
at most | 


pxercise 9. If Aijk is completely symmetric and the indices run from 1 to n, 
show that the number of distinct components of Ajj, is 2(n*0(93:2 
- 6 - 


Exercise 10 . If ai; (# 0) are the components of a covariant tensor of order 2 such 
that baij + Caji = 0, where b and c are non-zero scalars, show that either b = c and 
aj i$ skew-symmetric or b = —c and a;; is symmetric. 


Exercise 11 . Show that the determinant of a tensor of type (1, 1) is an invariant. 


Exercise 12 . If Bij are components of a covariant tensor of-second order and 
Çi, DÍ are components of two contravariant vectors, show that Bj;C'D? is an 
invariant. PRA i 


Exercise 13 . If ajju*u/ is an invariant for an arbitrary contravariant vector u?, 
show that a;; + aj; is a tensor. 


Exercise 14 . Show that there is no distinction between contravariant and covari- 
ant vectors when the transformations are of the type Z* = aj,z"' + d', where d* 
and a‘, are constants such that —ajaj, = 07, (i summed). 


Exercise 15 . Prove that the transformations of contravariant vectors form a 
group. 


Exercise 16 . If Ai, B3* = C, where C is a contravariant vector and BJ" is an 
j 


arbitrary symmetric tensor, show that Ai. + Aj; is a tensor, 


Exercise 17. Ifthe relation Aijxiu iy jay! = 0 holds for arbitrary contravariant 
vectors u* v where Aij, satisfies the relations 


Aük AQ —0, ^ Augu + Aging =O and Aaja + Aut; + Air = 0, 
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show that Aijki = 0. 
Exercise 18 . If Aj, is a tensor satisfying the relations 


Aim Ag -0, Ager + Ajik = 9 and Aajat + Aiktj + Airy, <9 


and an is à non-zero tensor such that 


Anijküm + Atnhitjk + Ajkim@hi = 0, 


prove that Anijk = 0. 
Exercise 19 . Prove that the transformation of tensors of type (1,1) forma group 


Exercise 20. Show that-in Sn (n > 2) no relation of the form 


Qaijbhk + Bainbjk + Yaikbhj = 9 
can exist, where a, 6,7 are three scalars, aij is a symmetric tensor such that la;;| £0 
and b;; is a skew-symmetric tensor. 

If the relation a;juřuð = 0 holds for all vectors u? such that 


Exercise 21 . 
uid; = 0, where A; is a given covariant vector, show that 


Qij ^ ij = As T Az; vj is some covariant vector. 


Exercise 22 . If the equality aju; = cu, holds for any covariant vector u; such that 
u,v? = 0, where vt is a given contravariant vector, show that aj = có; + Ajv', 


where A; is some covariant vector. 


t 


Exercise 23 . If z, y, z are the components of a contravariant vector in rectangular 
Cartesian coordinates in a 3-dimensional space, show that the components of the 
vector in cylindrical polar coordinates r,0, z are 


; £ 
xeos 4- ysin 0, —=sind + 2 cosd, z: 
r 


gular 


Exercis e 24 , If L,Y, Zz V. i ve ectal 
ordi- 


Cartesian coordinates i 
prs es in E5, find the components of the vector in spherical co 


Exercise 25 . The : : 
) components of a symmetric j ; ula 

: ; : covariant tensor Qi; rectangu 

Cartesian coordinates in E are given by . bene! ger MiA TER 


aj = 1 fori-j 
= ( otherwise. 


ow ARRA SUE. 
eG. SINN NNNM T ; 
Dow NNI GANT IN, a 4 
| Se Rn ENUSMISECU : 
gu É 
M i iN j 
ge OMA SOS iat tonon prove that Cy = Ag tea covariant vector ‘ 
«W^ = CEN ) x 
de 3C + N a contravariant vester | \ stem S 
iS à as er n coordinate Sy ji 
YOL AS, Rad S NR NOR in the coordinate avetem (P vg ge) where A 
Ry N I Set . Xe Y TT y. N XA $ i; 
`A 
$* w- EE A 
as a m EE a? 4. e 


S38. Weak Rs controvariant tensor auch that [a V| s: 0, show that la] 


Be RR. e iranat AF welt, 3 


HEV $9, Way a taro WAL that laz} zé 0 and bU is the cofactor of ay in 
aj exse whether AS dg a relative torson 
Cpjeese 3. Ray ds skermar metria, Chen show that 


(BIB SS +B NB NE Ayn = 0 


wie SL. Evaluate (d NET SSS) aas Where ay is a skew asymmetric tensor 
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III Tensor Calculus 


III.O Introduction 


In the previous chapter we became familiar with a type of mathematical objec 
called ‘tensor’ and some algebraic operations defined on them. In this chapter We 
devote ourselves towards the study of ‘tensor calculus’. 

First let us consider a scalar function ¢ (71, a?,...,0") of n coordinates (z$) 
in S4. We have already seen (II.3) that A form the components of a covariant 
vector, ie., the partial derivatives of a tensor of type (0,0) is a tensor of type (0, 1). 

Next, let us consider the components A, of a covariant vector in (z!) coordinate 
` system. Let A, denote its components in another coordinate system (Z*). Then we 
have : Bg 


As= gs 


Differentiating both sides of the above equation with respect to z ^, (k= 1,2,...,8) 
we find 


ZEE (IIL.0.1) 


aA, 8 (Duty, | Ox" DA, 
Or* ^ Ok VOz*] T ðm. ORF 


Or*Oz* " Te ORK Ag?’ 


The presence of the first term in the right hand side of (III.0.2) asserts that partial 
differentiation of a covariant vector does not yield a tensor. 

Since the partial derivatives of a tensor are not always tensors, it is important to 
define a new type of differentiation of tensors in Sn which when applied to a tensor 
of any type always gives another tensor. But, this is not possible in S, unless some 
additional structure is imposed in S,,. 

In the three dimensional Euclidean space [73 with rectangular Cartesian co 
ordinate system the square of the distance ds between two neighbouring points 
P(z,y, 2) and Q (z + dz, y + dy, z + dz) is given by 


ds? = dz? + dy? 4- dz?, (11.0.3) 


(111.0.2) 


In an n-dimensional Euclidean space E, with rectangular Cartesian coordinate 
system we can express the square of the distance ds between two points P (x i) and | 
Q (z* 4- dz*) by 


ds? = (dz!) + (dz?)? +... + (qz")?. (111.0-4) 


k ou ccu C ae I CC MM 


$ 
| 


OR CALCULUS af 

E 

gre laws of MAPS 3) from three dimensional rectangular Cartesian coor- 

T T T i i i ta H Li * . 

dinate system (z ,@7,@%) to cylindrical coordinate system (x), 22,09) is given 

71 
| c, 5 c'sinz?, (III.0.5) 

z3 = v3 


10, 0 <a? < 2m and —oo « ri « cc. 


here T 1 , 
ens case the square of the distance between the points P (x',2?, x?) and 
pe Farhi rare +de") is gìven by l 
2 : , 
ds? = (dz!) + (z1)* (dz 2)? $ (dv?) *. (III.0.6) 

jn case of spherical coordinate system we have the law of transformation as 

=} = z2!sinx?cosz3, 

P? = qglsinz?sinz?, (III.0.7) 

m* = xl coss? 


2 3 
where z! 2 0, 0<2* <a, 0<2” < 20: Here 


ds? = (dz) + (w+)? (x?)* (s sina)” (de?)* (111.08) 
let us consider any curvilinear coordinate system (u?) in Es. Let the position 
vectors of two neighbouring points P and Q be F and F+ dr. Then 

or Or” OF 


E. Li 1 2 du? 
dr = gs + 5 ade + gus u 
= @dui+ Godu? + zdu’, say, . (1.0.9) 
where à; = LA (i — 1,2,3). 
Now 
ds? = dr.dFr 


— 271 ° 52 (du?) 2 + Q1 : a2 (du*) (du?) + Q1 $ T3 (du 1) (du3) 
4s - & (du?) (du?) + d : di» (du?) ? + a «dis (du?) (du?) 


+a3 d 271 (du?) (du*) + Q3 ? à» (du?) (du?) T Q3 $ Q3 (du?) 


3 3 
= Y Y gp, du? du, (11.0.10) 
p=1 q=1 
= Gp a II1.0.11 
where pq = Op ` Aa: ( ) 


In special theory of relativity the square of the distance is formulated as 


? pc? (ds)? III.0.12 
ds? = (de)? — (dx)? — (27) +c? (dv) ( ) 


Where c denotes the speed of light in vacuum. 
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Trus see that tho expediens fap quae of the distatice GS between twn 
ane Ee Re diiint eso nad e setans i ! | 

Qu ORL ane ESV d a hectare Canter the heading “Uber die Uv potlis | 
Welche er Ggwe ay Gimdo Ligon") Bankart Wientaun. (1826-1860) iti. | 
dst Tho Rar af a mete Ql was tater namel after himsel) which gonen i 
ait ilie abars ens, by annin that the distance between two nelglbouring poin 
is Akiepoandont af coontinate ayatert, u 

in the next section we tike to dieus about the Riemannian metele and the 
Wiernannian spac . 


Pol. j 


ULI Wemannian Space 


TNA Riemannian Metric 


IWS, det us express the distance ds between two neighbouring points 2 (w) and 
Q {et de*) by the quadratic diferential formula 


ds? = gydatae! (a) em Ls 2; vue n) (1L Lt) 


in accordance with summation convention, where gg are arbitrary functions of the 
coordinates wt, subject to the restriction 


9 = lay] #0 


and ds is considered to be an invariant, 

Then ds is called the line element and the quadratic form gi dio dae! is called the 
Riemannian metric, The quantities gj are called the coeficients of the Riemannian 
metric. Together they form the components of a rank two symmetric tensor (as vill 
be shown below) which is called the metric tensor ‘The space Sn, endowed with 
such a structure is called a Riemannian space and is denoted by V 

n the examples cited in (1110.3), (111.0,4), (IT1.0.6) aud (11.0.8) we observe that 
ds" is non-negative. But in case of (1110.12) it may be positive, negative or zero. 

If ds? is negative then ds is a complex number, in that case ds is called à! 
elementary interval, If ds is real it is called an olomontaty distance. 

Note : Some authors prefers another delinition so that ds? is always non-negative 
They consider 
ds? = egij dida? 


where e is equal to +1 or —1 such that ds? ls always non-nogative, This numerical 
factor e is called the indicator. 


Example 1. In case of the n dimensional Euclidenn space I, with rectangula! 
Cartesian coordinates, the square of the line element is given by 


dg? = (dx t) y (dx?) da (da)? (um. 12) 


4d 


qENSOR CALCULUS 65 


what is the metric tensor? 


In this case 


Gig A ifi-j 
pw otherwise. 
go, the Euclidean metric is a particular example of Riemannian metric. 
le 2. If : 
gxamp 
ds? = (da)? + 2 cos ddady + (dy)? (IIL.1.3) 
then l 


gii — 1- goo and  gi2 = cosó = 921. 


Theorem 1.1 : The coefficients gij of the Riemannian metric is a covariant tensor 
of rank 2. 


Proof.: Since ds? is an invariant, it follows that gijdzidzj is an invariant. Again: 
since dz’ is an arbitrary contravariant vector, applying the quotient law we conclude 
that gij are the components of a tensor of type (0, 2) or of rank 2. 

This completes the proof. 

Note : The tensor gij is called the fundamental tensor or metric tensor of Vn. 


Theorem 1.2 : The fundamental metric tensor gij is symmetric. 


Proof: Let us write 


1 ) 1 
gj = 5 (gi; + gji) + 2 (gig — gji) 
= (Aj; + By) (IIL.1.4) 
where i 
Aij = 5 (gij + 95i) (III.1.5) 
and à 
Bij = 2 (gij — 95i) (III.1.6) 
Now 
1 : 
Aji = 2 (gji + Jij) 
ESA 
and 
1 
Bj = 2 (951 — 9i5) 


3 
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= -5 (9, ~ O44) 


"1 j 4 ATO k f 
Therefore Aj are the components of a symmetric tensor whereas Bi, are the Corp 


ponents of n skew-symmetric tensor, 


Now a 
gyda dz! = Aydz dst + Byyda'da 
or, i 
(gij ~ Aig) dz'dz? = Byda"da?, (ta; 
Also 
Bügdz'dr) =  Bjdr!da' (interchanging the dummy indices į and j) 


(since By; is skew-symmetric), 


i 


—Bydz ida 


This implies : 
Bide ‘dx = 0, 


So 2d 
gu dzída! = Ayjda'da?, 


Since Aj; is symmetric, we can take Jij as à symmetric tensor without loss of gen- 
erality. " 


Theorem 1.3 : The number of independent components of the fundamental metric 
tensor is at most ron) 


Proof: Since gi; is a covariant tensor of rank 2, it has the following n? components: 


f 912 Stt Iin 
f» f sss Gon : 


oon poe t.’ t. 


fni Mn re) Inne 


Number of independent components along the principal diagonal of the above 
array (1.¢., number of terms with repeated indices) is m. 

Number of components with unequal suffixes is n? — n, Since gi; is symmetrie 
by interchanging the indices we get the same component (ie, gig = 91:93 7 
9315928 = 32» fn-1n = fjnn-1). Hence the number of independent components 
of gij with unequal suffixes reduces to ntn 

Therefore, the maximum number of independent components of gi; is 


n^-n  n*4m 


n+ j zz ER 
_ Rh(n41) 
oer 


UL CALCULUS 
uNG 


HT 


iple 2. Let, un consider the 


hire dii 
i nonion ue i i ; /n, FY / 
alte Lennor In eyllndrten] po Hu Fnelidenn TAS He Min 


| gan 
| lar coordinates, 


uie m 


| '' of the line ele : 
| qe nauim element, dy in rectangular Cartesian coordinates is given 


by 2 2 
| Un? so (dm!) a. (uu tS? 442 i 
| (da )' 4 (da; ) 4 (da?) j (11.1.8) 
oordinates of à point fn r nine j M 

| If do ¢ Mini SOR $ Int i "octangulnt Cartesian coordinates is (z!,2?,2’) 

| ' Jen] coore jen (B! m?, pi 

and In cylindric naten (à T PE Ar then we have 

| 

| ^ = B cong? 
i zog yn? (I11.1.0) 
cQ" m i, 


ryom (111.1,8) we get 


| Gi = 922 = gas = 1, 
| 912 = 921 = gos = 930 = fiz = go, = 0. 


O 


Now 
| En On? zı 
i = —= | anaes U — 6 p 
J1 Ipa Oz! AF! (p,q = 1,2, 3) 
Óz! Ox? On? Ox? ôx? ðr? 


QAR aay d-9222— —— + gau—c-— 
. M11 O57 Og! 92971 Ogi T 9351971 
(since other g;;'s vanish identically) 


- (9:5), EY , (8z*Y* 
^ V0z1 Oz! Oz! 


= cos? Z? -rsin?z? +0 


= ], 
| Ina similar fashion 
| i Oz? Ox?! 
| 922 = Inia? 9g? 
Ox} Ox} Ox? Ox? 0z? ðr? 


| = 91523 gn + 922559 og? 99953022 


1\ 2 pA ðr? N? 
e N OE * (25s) 
0z? oz? zT 
MM 


| NT 
, Ox? Ox? 
933 = Ipa 553 053 
£3 OZ 
Oz! Oz! On? Ox? , — 0z?0z? 
= 911553 93 + 22553 OZ? + 933955 07? 
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2 3 2 MN 
bot\? fn" a” 
= dada j kasen T PE | 
023 Qi? et 
= 07+07+1 
= l^ 
; ðn” a4 | 
sm = "HpprpR: | | 
Ariani 208 deir eee 
= gnzsiggi + Ori On" 83551 952 
DA. xl ) atem Lane m2 
(cosi?) (-5 sina") 4 (sing?) (@ cose ) 40 
ž Ox” öxı 
= 0 
and so on. 
‘Thus we get ee end : 
gu =4, joo = (&l) ; del 
and uu 
Üpq = 0 if ; p q. 
"Therefore i bru 
ds? =  pydz]dx? (0 | 
212 2342 
(az)? + (2)" (de)? + (ae). mm 


IIL.1.2 Reciprocal or Conjugate Tensor of the Fundamental 
Metric Tensor gj : | 


\ 


"We have already proved that (Theorem 1.1) gi; represent a set of symmetri 
functions of the coordinates (zt). Since g = det gi; # 0 for all points of the region 
then by means of gi; we can construct another set of n? functions as follows : 

Let G* denote the cofactor of gi; in det gij. Let us consider the norma 
cofactors | | | 


lize 


Ge DUE quid 
y 4 | | 

| pine gij is symmetric, G* is also symmetric and hence from (111.1.11) it follo" 

that g (1, j) is also symmetric, ] 


» 


Now 
"e qi 
Ij) On = cha 
| "E 
æ. 1 ij ; 
e g dis (cofactor of gi; in detgi;) 
mm 1, if 1 = k, 


a BRP? ) Since MEETS are the ^ 
nl (1,1). vince diy IS not an arbitrary NON components of a mixed tensor 
gee pat g (dJ) is a tensor, "OTBSOU We can't apply quotient law to 


pet us consider an arbitrary contrayariant vec 


‘ye define 
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= f, Otherwise, 
a E 
fe 9 (9.5) o = Si. 
already shown (Art. 11.5) that gi (11.1.12) 
| E 


e 
i 


tor A P 


B; = gi A! 


à Hid. 
E Aris an arbitrary tensor of type (I1I.1.13) 


T. : a (130) and g,, ts a tensor etal 
wages that B; is an arbitrary tensor of type (0, 1 n : à Lensor of type (0,2) it 
S à : 1). The existence of Dj is ensured 


& 


. Cramer 's rule. 
B;g(k.j) = 9i A'g (k, j) 
= Qg (k, j) At 
= OA! [using (III.1.19)] 
= Ae 


ie. — Bj;g(k,j) = AF. (III.1.14) 


core B; is an arbitrary tensor of type (0,1) and A* is a tensor of type (1,0) from 
11111) applying quotient law it follows that g (k, J) are the components of a tensor 


£type (2.0). | 
This tensor g (k, 3) is also symmetric. This is calléd fundamental contravariant 


zx and is usually denoted by g^. Thus (III.1.12) can be rewritten as 


) 
ggir = à. (III.1.15) 


hample 4. In case of E3 with cylindrical coordinates we have seen (Example 
RR 
| 


ds? = jy, di" dz? 
Men | 
E fl o = (x^) i , gal and Gpq=0 if P £q. 


"Ad the conjugate tensor. 


9g — det Opa 
ju J2 25 


g31 932 933 
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70 
1 () i 0 
= |o (0) 0 
0' 0 | 
9 
= (n) 
Hence | 
m " (à 1) 2 
all cofactor of ji ing | WP eR 
aed j (m1) 
22 cofactor of gazing sl 
j rT a Co LM NDS 2! 
* j (i1) 
Za n 51)? 
33 cofactor of gasing _ (à ) a 
EU. EU ETT 
g (@*) 
for pq 


-pq _ Cofactor of jj inj _ 
j j 


0. 


Example 5. Find the conjugate metric tensor in a Riemannian Space V3 in which 
the distance ds is given by 
d? = S(dz))* +3 (dz7)" +4 (453)? -3 (da *) (dz?) = 3 (dex?) (dx!) 
+2 (dz?) (dz?) + 2 (dz) (dz?) . 


Comparing the above relation with 
r NN 
ds* = gijdz'dzj (4, j = 1, 2, 3) 
we get 


P] ci 
175, goo = 3. 933 = 4, 912 = —3 = goi, 
923 = 2 = goo, f13 =0 = gg), 


Therefore 


: I = | ga 922 923 
J31 $32 gas 
0 -3 0 
= -3 3 9 
0 O.-4 
= 4, 
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yid cofactor of guin loul 1| H4 [59.2 dea 
g E e 2 4| ^" 
ge x Re OF gen Us| 10 ass ca a 
g 4 0o prem 
jos us cometor of gavin lol | 16 ya 5 -3| 3 
g 4 -3 3| x 
gi? = cofactor of grain lout 1 aus o onde 3 
g 4 D adl t 
95 cofactor of go4 in CA xl Ea | 5. a EE wd 
g 4. 0 2 2- 
pore cofactor of gi3 in |g;;| wal (-1) 1+3 -38 0| 3 
g 4 à 2e 7.9 


In matrix form the conjugate metric tensor 9 can be given by 


c3 ub 
2 9 


Note : Since gi; gi* = 6F, the product of the matrices corresponding to g;; and 
g/* will be an unit matrix of same order. 


III.1.3 Associated Tensors, Lowering and Raising Indices 


Let A* be the components of a contravariant vector. From these we can define à 
covariant vector by setting 


Acuto | -— (IHIL1.16) 
Multiplying both the sides of (IIL1.16) by g^? we get 
g A; =g gj AT = 6 AS S ATL o6 (III.1.17) 
Hence we can write 
AH = g" Aj. (III.1.18) 


Similarly, from A^ we may obtain A;. 
The vectors A and A; are called associates.or associated vectors. 

The operation of transforming A‘ into A; is named 'lowering the index' whereas 
the inverse operation, i.e., transforming A; into A’ is called ‘raising the index’, 

In S, it was not possible to change the type of a tensor. But with the intro- 
duction of the Riemannian metric it is possible to change the type by using inner 
multiplication. 
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: i tany tongor ean be lowered or pns 
Now we show that like vectors the indox of any tonsor ean bo lowered or taine 


to form associate tensors, 
From an arbitrary tensor Ayy of type 
raising indices 


(0,2) we can form the following tengor, by 


` wh k pod kj Ay, 

Ab=g¥Ay on Af ag" Ay 

and 
A vs = Ü ng l Ay ; 

k AK and A” aro called associates (o the tensor Aa. f 

t " of d 


These three tensors A; | | r A; 
x b an be obtai 
of these tensors discussed above can | obtained fror 


can be easily seen that auy 
another by raising or lowering indices. 

. If we consider an Euclidean space Ly 
dinate system the metric tensor gi is nothing but 


ondowed with rectangular Cartesian COor. 
the Kronecker delta 544. So 


Aj = ôy AÍ = At. 


Hence in E, with rectangular Cartesian coordinates the covariant vector A; and 
the contravariant vector A‘ need not be considered as different objects (otherwise 
we have to agree two tensors of different order may be equal), ie, in E, with 
rectangular Cartesian coordinate system there is no distinction between covariant 


and contravariant vector. i 
For tensors of higher degree the situation is similar. That is why we consider the 


following pairs as different types of components of the same tensor of corresponding 


orders 
(i) Ai; A5 
(8) gui: 9" 

Note : We can define associate of any tensor, but reciprocal or conjugate can be 


defined only for a tensor of order 2. 


Example 6. Prove that in a Vn 
(Ghj Gik — 9hi9jk) gius (n — 1) Jik, 


where g;; are the components of the fundamental metric tensor. 
We have 


(9hjgik — 9nigjk) g"! = gnjgi.g  — Ini IGRI hj 
= ghjg gik — guide 
57 Jik — gii | 
=" ngik —gki (since 67 = à] -- 02 ^... ó7 
| -141X.2F1em) 
=y = 1) gig: 


| 


Pana eat 


aa 


——M—— 
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a ample 7 Let us consider a V4 with line element 


2m. 
ds = — (dz?) * — (de®)? — (dz)? 4 c2 (dr)? 


ghow how the components of contravariant and covariant vectors are related in this 
space: 
Here 
gı 7 —1, 92 = —l,. 933 = =1; egy c? and fij = O0 for i Æ J: 
Let us consider the components of a contravariant vector AŻ. 
Then we set | 
“Aj = gu AS (III.1.19) 
We get : | | 
Aj = Qi Å’ — —A1, 
Ag =gigAt =A? 
2 9a A Se. (III.1.20) 
Aq =gisAt =+c?A* | 
Now ! 
g = detgij 
—1. 0'0 0 
B 0.-1 0.0 
E 0 0 —1 0 
0 0 0 c? e y 
Ew Xo. 
Then 
a cofactor of giin det gij | € 1] 
g d g réi ' 
22 38 1*1" and /g4*— ei 
g a =i, g g c? 
W 
e observe Ad der di A =g"4 = —A 
42. CURA, “=o Ag: = —Ag; (III.1.21) 
A3 = g’! Aj =g” A = — A3, j 
Atega —9" 44 = ore 


This shows the relations given by (I11.1.20) and (ux. 121) Gare aec aon T 
and AŻ are associates. 


Example 8. If ¢ is an invariant, prove that 
EMI "fik — e Jik: 


ð PITT 
oe (gnjgik — gnigjk) g. Ox? = 


TRNSOR 
X DEP (^ 
; 4 Whi 'i i 
Since @ te an invadant, Pi aw the apone al à Cave Viti ay. 

Lot we Write 


nw UR 
VS RM 
ORES 
Then 
ma QU oss dy (die M EET, 
Hp (ema c gale M = d (nati © atr) 
© v Gaming) 


e d (gud " gj T 


e guy dit 
» 00 
j o? uhr 
T Sega "gr, 


Example 8. Prove that 


S00. dg" 
ON Sek NOU aE EO 


We know that at Ge ; 3 
GG 0j e OP LAP uo en 
Differentiating with respect to xè we got 


Bi 08 08 NS 
Ort ME 


Sometimes there is a confusion Whether the idea of metric tensors Gig ls similar 
to the idea of metric axioms of a metric space, A metric tousor is of course nel 
identical to the metric axioms of à metric space, but from it we can define a metric 
d that satisfies all the metric axioms, as shown in the following : 


Let us consider any two distinet points P and Q of Va. Let C be any cuv 
defined by x = z(t) where 


r: fad Kn te aor 
and z(a) = P, z(b) = Q, 
Then the are length of the curve C [s pi 


b er 
HC) e f jg, nt des 
a 


Hij "di aE dt. 
We define d(P.Q) = int L(C), for all c 
that this function d satisfies all the 


ven by 


ee ay 1 $ i Lu 
ves joining P and ©, Tt can bo ensi 
metrie axioms, Le, 


QPP) = 0, 
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d (P,Q) 
d (P, Q) + d (Q, R) 


li 


d(Q, P), 
d(P, R) 


IV 


"T three points P,Q and R in y, 
or - 


pid Magnitude or Length of a Vector 


e of the magnitude of a covariant vector A, is defined by gI A;A;. 


r 
he squa : 
e of the magnitude of a contravariant vector A4 js defined by ju A! A7. 


The gquar 
Since tad 
^ . e 3I — j 
gijÀA' A? = A;AJ = g  A,A;, 
follows that hr ewe ca vectors A; and A? are of the same length. 
We shall use the no ation |A| to denote the magnitude of the vectors A; and A‘. 


Theorem 1.4 : The magnitude of a vector is an invariant. 


f: Let us consider a vector whose covariant and contravariant components in 
) coordinate system are A; and A’ respectively. f 
Let in (Z7) coordinate system the corresponding components be A, and A” 


respectively. 
Then = 
Or? 


e 


Af (I11.1.22) 


and T 
Mac c (IIL1.22) 


Now 


I 
e 
"E 
"OB 


III.1.5 Unit Vector 


A covariant vector A; is said to be a unit vector or a covariant vector of unit length 
if , 

gi AjAj — 1. (III.1.24) 
A contravariant vector A‘ is said to be a unit vector if 


os 
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Example 10. In V4 with line element 
ds?  — (da)? — (du)? — (de®)? +0? (de) 
show that the vector (v2, 0, 0, x8) is a unit vector. 


We find here gu — —l g2 =-l, gs3 =l, gu = c?, all other ¿ 
vanish identically. iun Jij's 


Let A! denote the components of the vector (v2, 2, 0; 0, L) 
Then f Us 
; ; pigi 3 
= V2, A? =0, A? — 0, At 
So : | 
gij A* A? = gu ATA? + 935 A2 A? + g334°A? aE gs4A*A* 


= e»(&y enoo (2 
= —2+3 es ; sa Dp be as Eye 
d 


Therefore A is a unit vector. 
Note : The V4 with the above metric is called Minkowski ‘space-time of .special 
theory of Relativity. 


III.1.6 Null Vector. 
A contravariant vector At is said to be a null vector if 

gij A5 A? — 0. (III.1.26) 
A ey vector A; is said to be a null vector if 

g A,A; = 0. (111.1.27) 

Since the components of a zero vector are all zero-it follows that zero vectors 
are null vectors. But the converse is not necessarily true. This can be understo? 
from the following example : 
Example 11. Let us consider a V4 with the line element given by 
ds? = — (dx)? — (dz)? — (dz) + 0? (dr)? 


Then the vector (-1, —1;1, L) is a null vector in this space. 


K. 


gysoR CALCULUS 
rp" 


TT 
[Jere 
Nig ie Tl, gap? 
and 
Jig = 0 for i £j. 
= pot us consider the vector (-1, a 8) 
phen S 


gjA A7 = gy All 2w2; 
+ 922A? A + ga ABA? + 4,4444 


—1 (—1)? m L(~1)2— L(-1)2 4.¢2 (4) 2 
= Q. - 


II 


Cc 


Hence the vector (-1, —1,1, L) is a null vector in the above space. 


III.1.7 Angle Between Two Non-null Vectors 


Angle between two vectors is defined if and only if both of them are MTS 

The angle 0 between two non-null contravariant vectois A‘ and Bt is defined by 
-n (III.1.28) 
V Gig At AS v gi B: B3 


The angle 0 between two non-null covariant vectors A; and B; is defined by 


cos @ = 


g ij A; B j 

Vg AA; / g B; B; 
If A and B are two non-null vectors with respective covariant and contravariant 
components A;, A? and Bj, B?, then the angle between them is given by 

| ; A'B; A;Bi > 

SU Samin a lH r 

cos? = VATANBIB, vA A VBB; 
Note: The angle between two covariant vectors or two contravariant vectors is 


teal if the Riemannian metric is positive definite. ae P RA 
Note : From (III. 1.30) it follows that the angle between two vectors is an invariant. 


cos 0 = (II1.1.29) 


(III.1.30) 


1.1.8 Orthogonal Vectors 


Two contravariant vectors A‘ and B are said to be orthogonal if 
| gi; ABİ — 0. (III.1.31) 
ij . 


| : 
Two covariant vectors A; and B; are said to be orthogonal i 


T ` (IIL.1.32 
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* l vy EWO orti Genel Vet rye. - 
From the definition it is clear that the angle beme : B 
IY Wechor. 


a right angle. 
with Buy Vers, 
Also, it is obvious that the null vector is orthogonal 


i are two art Bogonzi tnit yora. 
A Bt, where Al and B* are two os actor, 


length of the vector U* is Z 


Example 12. If UV? = 
show that the square of the 


From the given conditions we have 
gg AAT = Í, 
gu BE jo 
gi; À 9:2 


l 
e 


and 


Now, square of the length of the vector U* 
= goes 
gy (4 BY) (A +B) 
gg AA + gg ABI + gg Bi Al + gg BB 
14-04-0401 


[d 


EY M 


| 


Example 13. If A‘ and B# are orthogonal vectors each of length L then prove 
that 


(9h59ki — ong) AFBA AFB* — —I*. 


Since A* and Bf are orthogonal vectors each of length I we have, 


JA AT = D, 
g; B! B? = i^ 
and 9:4 A* BÍ L2 
Now 
(9ni9ki — 91x95) A"BIA*B* = gn;g A"BT AFB* — gucgj AP BI A*B* 


T (Inj A EBI) (gri A B *) TF (gnr A*A") (9B? 8* 
0x.0—1?. x1? 
mc 


Pxample 14. If Xi; are the components of a symmetric covariant tensor and. 
Aa B? are the components of two unit vectors both orihkoc oial t to another vecto™ | 
C * satisfying the conditions: | 


Xi 4! — ogij AT + BgijC* — 0 


aor CALCUL S. 
AS 
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3 - `; 
* ASUET nc ey? l 
i : PC 
aso prove that A* and Bt are * =0 
i and BY are a eka 
an nee 4 A' ane unit vectors, 
9ij4 TAS = 1 
9uB'B! = 1. (III.1.33) 
ance A' and B both are orthogonal to C we have 
QA C3 = p 
Si 1 > ’ 
| Q4B'C3 = Q, (III.1.34) 
aati bs both sides of the relation 
Xi5A! — agi A! + 8g C — 0 
" B we get 
XjjA*B? — agiyA'Bi + 8gC'B? = 0 
or, AXGA'B? = ag; A'B?. (III.1.35) 
similarly multiplying both sides of the relation 
X4B* P a'/gijB' "b B'gijC* = ( 
by A? we get 
| or; pars =Q ete 
-interchanging dummy indices i and j we get from the above equation 
Xj4A'B) = o! gi ATB? 
This implies - mye 
: Xu ATB? = agi A! B?. (III.1.36) 
Combining (III.1.32) and (III.1.33) 
agyAiB? = o'gij A B 
i.e., (a — Q HA ig) = 0. 
(III.1.37) 


This imal; 

bis implies on l ET 
gi; A ipi -0 (since 

bs the vectors A? and Bi are orthogonal. 


RET EG. 
» TENSOR C 
THE BNL, 
At ert det 
Combining (111.142) and (T1444) ° # 
6795 m OL 
X; A pnt 
niietríc tensor satih ir 
Example 15. ' If aj; are the components o nes 


gijthk 7 Qin" 1E A gp Ohi 


on fihi = O 


show that ai; = pgij, where p is a scalar. 


4 {Ly 4 tý e AA 
Multiplying both sides of the given equation by g” we g 


tý 2: -- ft 
o gan - g” nage + g grts 7 I Ígrnaiy =O 


i tj PET— fj 
6; Ohk — Sjaj F fani — Ung ^ Fig 0 


Or, 
nang — hk + Ohk 7 Ükh d = 0 


z 
2: D on T e 


(since 6} = 61462 +...¢62 Slt ete. +1an and g ^a 


or, 
Nahk = jhk 


1.6.; 
hk = PORE 


where p = © is a scalar. 


Example 16. If gi; = 0 for i # j prove that g“ = E (no summation over i). 


Since gi; = 0 for i Æ j, it follows that 


gii 0: 1-055, 240 
' 0 gae cU I as 0, 
det gij = rr fy . 


il 


511422 +++ Ünn- 


Now 
4, cofactor of gy in det gij 
ee e 
det ffij 


11922 +++ Ünn 


o 


CALCULUS 
ge 


vies 
Lei. Egg denotes the fundam... 
tena gro that 


m: g z 


p, 
n 
R 


tensor and g*? denotes iis 


. Find the conjugate metric tensor in a Bi i x V 
D ad distance ds is given by jemanmnian metric space V2 


et 
"gcn the 

e: T i32. 
de? = (253 * nois (dz?) (dr?) = (a2)? 


o3. Show that in V, with the ne elc 


pase SY 


2. z i1»2 |)? e: 
ds? = —(dz^) — (dz?)" — (dz)? +e? (az)? 


pets of two OVATA vectors. If uf and v*-are defined by 
$2 (4$ í » 
u =g [2 T = g^v; 


(z) u; — gu? " 
(i) ux = ug. 


merce 5. E A! and B are the components of orthogonal unit vectors, prove 


dut 
E z s L 
(95592- — 952945) A. B A? B^ — 


‘02 Christoffel Symbols and their Properties 

| Vit the motivation to build up expressions involving the derivatives of a tensor 
| thick zre zzzin components of a tensor in 1869 E.B.Christofiel ("Über die trans- 
imation der hemogenel diferentialausdrücke zweiten Gradef" * Journal für Math, 
WEBS introduced two functions formed by certain combinations of the partial 
tthetives of the fundamental tensors gj. which are defined as follows : 


IlL2 1 Christoffel Symbols of First Kind 


The Chus EDT i4. k| and defined b 
"E ÜExietoftel 2 index symbols of first Lind are denoted by fij, k] and de Y 


bpp = l (Iam . Com _ 9095 Y. (i, jk =1,2,---27)- (IIL2.1) 


I 


EE 


TA OR CALOY 
U 
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III.2.0 Christoffel Symbols of Second Kind 


A l 
The Christoffel 3 index symbols of second kind are denoted by E i and deg, 


by 
a | 


l j^ ( Ogg, Dg Ogik - $4) | 


leq 


Əri ðri = On 


(i,j, k ='1,2,...,7). (1.2) 


From (11.2.1) and (111.2.2).it follows that [ij, k] and {i 7 are mathematic, 7 


objects formed by means of n? functions of coordinates (z At 
Note : Different anthors use different notations for Christoffel 3-index symbols 


e. [52], Pin for [ij k] and {i} and TE for [4 "d. The notations I; , anq M: 
suggest that Christoffel symbols are a but jator we shall prove that they E 
not, in general truc. The present forms [i j, k] and un are most widely accepted 
due to their familiarity with Einstein's summation convention . 


III.2.3 Properties of Christoffel Symbols - 


1. Christoffel symbol of first kind is symmetric in first two indices; i.e., 
[i j, k] = [j í, k] 


By definition 


[j 4, k] 


Oxi xi Og 
= 1 Og | Ogi — Ogig : S i: 
F Ont ^ Oxi = gk j? Since gij 18 Symmetric 
m pM. ai (111.23) 


1 oe Odi 23 


2. Christoffel symbol of second kind is aviitnatiie’ in cond two indices; ie., 
{ bp TP 
aad ee 


g^" DU i, k] 


g" lij, k], by property 1 


{ : | (11.2.4) | 
ij | 


We havo 


———. 
MoE 
ii 


ji 


ii 


li 


: Og; Oa, 5 Q : 
Ben cn acd Biz € fy: 1 D ^ 1 
Fer + 25.72 EN, , Iga 232; 
a a J 2VX0r* pri Gert 


(18.2.5) 


€ 


uod 
we 
va oU 
LN 


(L26) 


[1 ese] trono. nnn 


we get 
* i JF <The with respect to = 
Ullrentitine both the sides partially 
| P P 8288 =0 
cg J Br 
az! 
g” - 4295. 
eT gry S gx! 


T™ Ee 


- 


E^ 


UN 
Multiplying both the sides by g^"? 
Og 
Uu km USA) 
bns 93 im sgg ey 
9 Jky i " Ox 
or, 
5m gas ur km DNI 
J Ox 
or, 
09^ ^ ij km 98; 
-pa in y Oa! My 
= ret (lkl, 3] +4 | 
a g%™g ay [kl jl- gg" [ju k] 
: m 
ds ceo Nm Lt nA : E 
PP. [HY : M Quay 
9gi Og; Ls 3 
Vee IS Je 
ark gpi T 5- lijk] 
We have ; 
IE f 1 /ðğji Ogki Ogkj EN ion gi. Ogik =: 093; 
[k J, i] T [2 9, k] z D] (58; enr Oxi IE EN Oxt 2» oxi 2j 
i Ogi; Ógjk 
c 3E BSEC (11.2.10) 
s fot ð log /g 
8. If g= [gi;| > 0, then P = age 
We have 
. G11 912 Jin 
921 922 2n 
ges ot ; f (TI1.2.11) 
-9n1 ‘n2 Jnn 
Let G4; denote di cofactor of ght in lg; 
Then 
ig^ = Se. 
g: 
i.e., 
Gy, = 99". (111.2 - 
Differentiating both sides of the above equation (III. 2. i with respect to a 
(J — 1,2,...,n) we get 
à 8 0915 Mee. eg] 
Og 921 920: -© don Ox Ou VN On 
Ob. oe dh 93i . 932 93n 
nl n2 Inn : ! I 
nl n2 nn 


D US 
0r Gabo” 86 
ie g 
a: 2 Jin 
+... + : 
9n—-11  Jn— 2 
dgn Dang En 
m Orl Inn, 
9911 c, n 89 Ba 
= eat SA EHE mt Cn) 


: Ogun 
Ox Ou! Gunz +... + l 23 
8gi; 
= A Da! Cu 
ij- 
Ogij. ij 
d ari 99 d applying (III.2.12) 
iji 
;; Ógij - 
bs 99" 5 summing for i and j 


= gg” (L3]-- [jl i]); ^ using (IIL2.5) 
= 9g"? RLI t gg? [i] 


i j 
- [nj tet] 
= 2g E I \ : replacing the dummy index j. by i. 
Therefore | 
eof d '1 0g ð fl ð 
E aei res ) = — (l l IIT.2.13 
tul ig Oat Ba (5 8.) a1 (lee v9) | ( ) 
Note : In case g < 0, in a similar manner we can deduce 


111} = ger Cos v=) 


Note: Since gis not an invariant, from (III.2.13) it does not follow that (,',) is 
"variant vector. 


semble 17. Calculate the Christoffel symbols [i j, k] and { ate corresponding 
M e metric 


| a : 
ds? = (dz !)* T (s1)? (dx?) ” T (a*sinx”) (ax?) . 
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Comparing the expression ; 
ds? = g;j d de? (rg, 


5 dy * (dat)? 
with $4 (dx) 24 (x!) 2 (dz?) E (x? sin x”) (dz Vs | (Ur ). 
we find 2 
2 sin z? 
gui da) "d pun 2,3). ; j Ma, 
and gi — 0 — for izj J 


Hence 
1 0 0 4y. E 2 : i 

det 93 =G=)] 0 (a1) ? 0 2 = (z^) (sinz ) T 0 identical}, 
0 zhsinz 5 
1 l (1.2.17 
Also l 

cofactor of gi; in det giy 

det Jij 
2 

(x*) 0 

0 (zl sin x”) ; 


(z 1)? (sinz?) ^ 


11:7 —- 


© 
| 


(yi 


Similarly 
a _ cofactor of go; in det gij 
Be ig een det gij 
1 0 
0 (x1 sina?) ” 


(x1) * (sine?) ° 


Be 2+2 


EA 
(21)? 
cofactor of g33 in det gij 
det gij 
Cok 
(21)? (s! sina)? 
1 


(x1 sin x2)? 


33 


and p ; 
g” =0, fori#J, since gi; =0 for 44 j. 


" QALCULUS $ 
E ogu = 0, AT 2022 On i mn m 25] 2 Onn 
q ee f An! Oat Det = 20° (sine), Far 75 


Og22 Ogag 
aot 5m Dee = 2 (m! )* ain? cosa”, 


Ogun 2 Opn - 
E" Aad and 


ial derivatives of gij vanish identically, 


4 yo 
] mn TA 5 C Y Ogun _ Ogg 
Out Qa 4 Ox ^ 


5 that if all i, j, k are different then [i j, k] vanishes identically. 


Ona 
"T4 0. 


, follo llo Ww 
E 
;( Ogik , Ogik Ogu 3 
2! 


[i i, k) Cote, Ou, Dou 


Orí  ÓOxí Oak 


d | : 
E "DE 1 (Sa 4, 204 _ 8 
| lij, 4] Ont gi Oz! 


ll 


Therefore — 


e 
mn 


ll 
= 


aiy = 


Q% 
S8 

to . 
C 


Il 


[22,2] = 


C» e 
S8 
oS 
© 


| 


~ 


NIP NIP NIE 


[03,3] "se 


8 
e 
M 
= 
© 


| 


jo» 


ll 


[11,2] = 


D 
SF 
E N 
© 


| 


DIP DVI NIE t2] S nis 
ll 
| 
R 


113 = 


C5 
Sr 
wn 9S 
» 


a 
3 


| 


[22,1] = 


Vv 
$8 
to - 


1l 
= 


| 


[22, 3] = 


OD 
o 6 


Il 
| 
il 


(33, 1] 


e 
5 
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[33,2] = -5 9888 _ _ (s1)^sinz? cos”, 
MM " ex 
lógu . 
12,1 = 2 —L——— =, 
[12,1] Bnio-zzp-0 
1 Og. 
[13,1] = (31,1) = 5245 =0, 
2 18 PE l 
21,2] = [22:72 =a, 
l 1 ôg22 
: = zx iiu 
[23,2] 82,2] = 5575 - | 
& a uL Ogas | i 2 
[31,3] = [18,3] = SSS Aging); 
? MR 1 8g; 3. 5 
[32,3] = [23,3] = 2255 = (e) sin z?cosz?. 


lu = gt [EE = 0, since [1 1, K| = 0 for all k = 1,2,3; 


! zh à 
teat qe AALS 
= g” [22,114 9 [22,2] + 9 [22,3] 
= g"(-x")+0+0 
ES —gl ifl-1i 
" "| O0. otherwise; 


L lk 
= g'[3,k 
1s =} g [33, ] 
= g” [83,1] +g” (83, 2] + g'? [33,3] 


= —g'g! (sinz*) ^ g? (a)? sina? cosz? +0. 
=r? (sinz1)*, f= 1 
=4§ —snz?cosr?; 1f. 129 


0, if 1-3 


9'* lilk] 


D 


g"[iL], since g* =O for] 7k 


mi 
bj 5 [abr trig 


TENSOR CALCULUS 


Li &2.3, 
AT !) | 
ua] d) va 
Le 1,2 
ent r bed, 


em l "HEN UL Te 
i 3} xo E Je ep [3144 = 0. 
All other Christoffel symbols of first and second kind vanish identically. 


Example 18. Ifa’ are components of n symmetric tensor prove that 


Oii 
aJ" [i E j^ S 


where giz are components of the metric tensor of the Riemannian space. 


We know that 


| Ök ^s D ju a 
| Slt = [ik] + ki]. 
| Therefore 
l Oq; a ups $C | 
qik 98 J Ml M) ae D. 
39 Oat 5 ({7 3, k] 3 [A 4,9) 


= g (a? [ji k] +0 [hi 3) 


is (a* |j i, k] +a) [j à, k]) 
(interchanging the dummy indices j and k in the last term) 


= 5 x2aJ'[ji,k], (since a?" is symmetric) 


= aj*[ij,k], (since [j i,k] = [i j, K]). 


Example 19. If AJ* is a skew-symmetric tensor, show that 


| 

; a l E) l S l 

Í ijk EAT = Aisk a 
| am rpm rm pao 
| 

f A l € de 

| ij pase 


| (interchanging dummy indices i and j) 
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; Urn, 
90 i 
IA AF f l j ; | f 
p 43 k symmetrie and t the SENE v Symb of 
; ijk ew o indices 
e 4 is symmetric in 5 cond tw 
second Kin 
This implies i l l ] zB. 
E le 20. Jf 
jk 7 jd 


Tid is any p tensor show that 


where A; is à covariant vector and 


TIP, = 0. 
We have i 

: a 

Pic tA; ey i Ar 

PB { cj j xis 
= Th, (1.2.15 

Now 
TI = Tp, (interchanging the dummy indices j and k) 


= ID, à 
(using (III.2.18) . and using the skew symmetry property oi ETF). 


This implies ; 
TIET h =O: 


Theorem 2.1 : The maximum. number of independent components ofthe Christo 
n tnt) 


fel symbols in an n-dimensional Riemannian space is. 
Proof : Since 7 and j can run from 1 t 

o m, has ue 
n has equal suffixes (i.e. of the ty ed fp. eotinonents. ee 
à : pe = Since gi; is symmetric the rest n- 
erms with unequal indices reduces to. = * independent components. Combinits 
both the cases gi; have at most n+ 2 n?—-n _ n(n-1) P 

R ANA components. 


Consequ : of i 
equently the number of independent components of 0gij PS a(nt}) 2 
T 


2 
1s 
nF") (since | varies from 1 to n). 
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foc o mt L : Á Oa se jl 
[Ejk] and l5 are formed by linear combinations of SE Hence it follows 
that the maximum uumber of independent components of Christoffel symbols is 
ÜG . - meinen} 
same as that of rw £e, = — 
Fus 


Theorem 2.2 : Christof! symbols vanish identically if and only if gis nre con- 
stants. 


Proof: First we sssume that fys are constant. Then for all 7 = 1,2,....mn. 


Sn 
fe ‘ , 


Conversely, let all the Christo Symbols vanish identically. Then for all i,j,k = 


RS so n S 
» EJ X -- (a. 
Therefore 
Oo:; "TA > FX = 
=e = (EAI YRA) =. 
Nets 


This is true for any Pg.E = 1,2.....m. This implies gys are Independent of xs 
Le. g; s are constants. 
An important note. In an n-dimensional Euclidean space E, with rectangular 


AM fi t= 
Ss = 1 m oiherwise. 
Hence a l 
PO = e > > 
= 0 forall  4j,k-—1,2,...m. 
Gr* i 


Thi is why, in n-dimensional Euclidean spare ©, with rectangular Cartesian 
coordinates, all the Christeffel symbols vanish identically. 


Example 21. Evaluate Christoffel symbols for Riemannian spaces where oi = 0 


Ei= F= k, (ie, all the three indices are same) 


Fx. Am. D 128 T 
= [iz i] _i (ss: 998 — =) a ONE (III.2.19) 


C) a (Brè Or arj Irn 


TENSOR C! SA} 
i} 
92 Ut, 
Ifi= 9, i fk (ie, the first two indices nte same but, tho third ia diffrent) 

à “NW (ROC Lo mss & 

| 1 (Oque Ok . am) = 35 (Up: 
a (or prt Ori On ^y 
i= A, X 7 (ie, the first and third are same of the second and third qi Min 


the rest being different) E o 
7 Oti Am n 


[EJ] = sd em hd T ; (aet Y "de! 
eront) 


|i j, k] = [Fak] = 


Eig jk, ki (Le, all three indices nre dil 
[ijk] = 0 CUL 2) 


Now 
det gis 
gu 0 D 


0 ga 0 
0 0 e Grin 


911922 s Jun, 


e 
Ir 1i 


So 

cofactor of gi; in g 
g 

{ 0 if izj 


(1 ` go. 
T if i= 


gë 


Il 


Hence 
g' lij, k] 
: { 0 is stk 


g** ij, k] if b= k. 
fi 
ui 


opem 
KY 
| 


ij 


Therefore if i — j — k, then 


tis] 


= g” fii : 
a 1 18gi l 
gu2oxi? — Using (I1L.2.19) 


1 8 
vs 2 dat (8 gis) 


EE 
agi le Vou ; 


L/ 
£ 


Chie pc» 2 3290) i 


I 
pee m 
ay " 
bes, I 
ty 


Il 
j 


Ji1.2.: Law oj Transformation oj Chrisioffel Symbols of 
First Kind 


We consider: an m-Gimensinnel Riemannian sete V. with fundamental metric tensor 
gg £n (z^) coordmaie svsiem Th 


z*—z:(zta.z") (o = 1,2....n) (H12.24) 


and let 5,2 denote the components of the fundamental metric tensor in (z^) coor- 


dinate system 
Since Jag are the components of a covariant tensor of type (0,2) we have 


-A 


M Or! Gr} s 
Jas = Jij pza OB . (11.2.25) 


pad- i (22 - e AR. (11.2.26) 


ON 


d TENSOR CAL, i 


eid sect to 27 we obtain 
Differentiating both sides of (11.2.25) with respect 


; ix 92 sj 
i 25! Əri On" € ; 
Ogas sag za ogu Ee oe ey ET 4- gij Jre ÖF 1O7FB (hg 27) 
OFT Or* üz GR AF 


Changing a, 8, and i, j, k cyclically from the above equation we get the followin, 
z 1 
two: 


254 k Or) Urr 
g | Oz? E uU E. ie j e£ ER j 1o € rc. 
fe rt Or? 0r? OF : 
and 
» . k 2,1 
O)j. — Ogu Oz? Ort Ox! O0?r* Oxi Ort Ox 


+Iki zzz papazg: (III 2.98 
Oz? 7 Gri zi dE) Ose * agen Ore ^ “ORT 0zPOzo o) 
Using (IIL2.27), (I11.2.28) and (HI.2.29) we get from (III.2.26) 


Ox 02x k 
09; Ox* OrJ Ox Q?rj Ox* 
PE 2 JP ME TT TE EEUU TE T 
k k 2 
RE E Oe 
ET Oz? 057 zc OzPOz" OZ ZY ZPOZ 


_ 9gi; Ox" Ax* Ozi Oa Or) . Or! 0?33 | 
 OzctürzT0z20z8 Ü"'"Bzv0reüz8 II Dra 07058 


: 0z! Oz? Âr 1 t , Ogki me 


=— —— — — — 


Or? OF 0rt2 VOri ' Aci . Ark 3 
672) Ax ODI OBR” 
FI. a gika—z B a 
Oüz^ÜrP Oz" 0zP 0zo0zT OL e 
O?z^ Axi Ort 9?4i 
Gk: 


0zP0z105« * O57 OZP oze 
O?rzt Agi Or! Q?gk 

0271052 O28 igra pz "mal. 

(replacing the dummy index j by k in the last term and 

replacing the dummy index i by 


CUM ALT 


k in its preceeding term) 


= (gap ori ost S dh. ure cae or) 
"Or" OBB a7 * 3 al 7019058 ur a Qi 

= [gm Ox* üri Ag* i Ort gi O*a* Ox 2) 
0z? OEP Oey VIE TTE TET Orc MEPCERES OxPOZi^Or? 


(replacing the diss 


index k by i in the 
second term and k by 


J in the last term) 
= ijn Ott ðr! Oxi rk Ox? alei. 
oza O57 gaT T Gi Fe a ORB OR A 
(taking Jij = = Sji in the second term and 


he dummy indices 7. and j in the last term): 


(11.2.30) 
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hlo tu : 4 H A à f | ul i 
This is the required law of teamaformation of the componente of Chelatoflel ym: 
bol of first. kind, 
Note 2 ho preseuee of the second Corin i the vaht hand aide of (ELANO) augent 
that the Christoffel symbol of Arat kind da not a tensor, H the naid term did not 
exist [i A] would be à tensor of type (03) 


IHI.2.5 Law of Transformation of Christoffel Symbola of 
Second Rind 


We have already proved 


—— Qv Oa Oak Dut Qe 
ray 3, A^) =p XR N| wesnowenn riam erences js —— | Jt 
| j E Wy i] EO ORE Op» Fu oov aga CL a) 


Multiplying both sides of the above relation by G2 wo pol 


—— E Oa Nak m 1 a, J 
gn lad, yl = [ty Kk] p" Oat Oat UM ‘els (uii “yo Ou” weiss (D^ s 
x 2e y " Qü"On" Ob" """ oy olone 


e l CAE ORY 029 Ov! Ov? On” NT. Qa Qu^ Oa! ie Ort — 
a Bs DAI Gal Gam Qao OWA Dav TIT Del Darm Quy Quos 
YE fei Nard "T. Dae 
[ij klg nof OTU Oa" Qu J le qi: g "nó i Qi: : Oml 
i ! Qu Hee Qu) VVS UT Gam Oe Hg o 
pTI Oa" Ow! in 087 — 0307 


P" ^ m i Ee are ee 
UJ ka Som Dae gan C 040 Dan Fad oan 
m) 68° Ont Bet 4, O87, 04nd 
ij 


da” ro ORF I Pam Valono 
m) 08% Oxi 0x) OB Ota 
ijj Ox 68° ORF Owi Om Dm" 
Note : The presence of the second term in tho right hand sido of the above relation 
‘+ is not a tensor. If it had vanished, Ls) would have been 


(1112.32) 


asserts that { i3 
components of a tensor of type (1, 2). 
Note : If we consider a particular typo of coordinate transformation satisfying 
O74 
Qj * 
for all j,a, B = 1,2,...,n the Christoffel symbols of 186 and 2nd kind transform like 
tensors. 


zx () 


Example 22. Discuss the law of transformation of Christoffel symbols for a coor- 
dinate transformation given by 


l= ala! 4 b! 


Ww 


> | 


Us 


Chute and b? ene constants. 


en t 
s b dou 
gle aa’ eb. (Las 
Difkeraitincing nav with respect to r 
3x 
OF a 
—— = Oy. I 
ar ' ( 1.2.34) 
TMikeorensatine asin 
E a? zi 
Aride“ 


Hmo Ger anch woe of transformations Christoffel symb ols behave like tensors, 


: MH 
Noe: Mudüphing both the sides of (H1.2.32) by zzy we get 


c) fm] ac" are ðr? 0r | Ox" OF" ð? rI 
l= LERS DTT Ar™ TL Or? zI Oxi OTFOT 


. os às fo | [m], Or! Ox) 
b e pre la psf lig faze dz? 
a 


5257 To) fr] zi dr | 
a = =o é PUDE n 5 (IIT.2.35) 
Sars ör la Bl (ijj Oz-0z? 
Tihs Shows that the second order partial derivatives of z^ with respect to Z^ can 
he Sxmressed in te=ms of derivatives of first order and Christoffel symbol of second 


~ ^ 


D. Tm. B?z9 . 
En a Somer memner sank can be expressed in terms of derivatives of first 
order end Christoffel srmbol of second kind as ` 
25a m >= DRT ORO 
AS L' } E { a RS (1112.36) 
rtz? rT lik Lo r) ðr? Oxr* 


Note: Considering three different coordinate systems it can be easily shown that 
sqiving the lew of transformation of Christoffel symbols from first system to third 
System is identical as from first system to second system. This means the said 
zruperdies gre transitive, which is expressed by saying ‘Christoffel symbols form ê 
ETOND. 


EXETCISES 


Eerie 6 - Calculate the Christoffel symbols {,',},{,".} ina 3 dimension” 
Riemen Space in which the distance ds is given by 


ds? = (dr)? = (21)? (d2)? + (229)? 
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Am ARATE OOS PES S 


Y. Find the non-vanishi ; : " 
Taa anishing Christoffel symbols of the second kind for V2 
Mis > 2C d.i 


ds? = (dx !)* 4- sin?! (dr?) °. 


Exercise S. Calculate the Christoffel symbols in evlindr} 5 
4 symbols in cylindrical co u, ġ, z). 
(Hints : R u=r}, PTS" 3 Nee y ordinates (u, d, z) 


| Then ds? — gjdz'dr? = (dz!) ua (x1) 2 (dz?) us (dx?) $j 


Exercise 9 . Find the Christoffel symbol {.1.} in tl ; : 
; spherical polar coordinates 21:5 n, 2? g. MID in the Euclidean space with 


IIL3  Covariant Differentiation of Tensors 


In section (I.3) above we have shown that the partial derivatives of a tensor of type 
(0,0) is a tensor of type (0,1) whereas the partial derivatives of a tensor of type 
(0. 1) is not a tensor. 

In this section we are going to introduce a new type of differentiation called 
. covariant differentiation. which is operated on tensors and again produce another 


sensor. 
1$ We start with covariant differentiation of vectors. 


TII.3.1 Covariant Differentiation. of a Covariant Vector 


Let us consider a Riemannian space of dimension n with a coordinate system (xt) 
defined on it. Let g;; be the components of fundamental metric tensor. Let gag be 
its components in another coordinate system (2?) defined on the same space. 
Let A; be the components of a covariant vector. Then the,law of transformation 
is given by 
= ðr’ 
À À (11.3.1) 


/ 
Differentiating partially with respect to ZÊ we get 


Aja 0A rE Ont X Ox! 
Ore —— Or* OZP Oze + 'oyPOzre 


050A: 0zPD2* N zf o | [i Oxi Ox* 
= S$xt0s/205«  "VlOs7lag j kf One 088 |? 


using (I11.2.35) 


Or, 
0A Ox! f o B [2d Ox » |.) Ox! Oa* 
ü:8  ^"8z7|oB] OxckOsPOzo ^ lik] Oz 0z0 


MM MÀ 


ur 


. J9 


98 
(replacing the dummy index i by land j by 
in the last term of the right hand side) 
OA; iiA or ðr” 
a a Al ; r^ Or B 
Or* ik] j OTC or 
or | | 
E À ðr? ax* 
Ora = C ði ; l \) wu 
üsP SA 5] T (ass 22 f kJ) 0x5 0z? (Ia 
If we write : - 
s d 
and 
OA l 
Aik = ark Àl f, y (II1.3.4) 


then (II1.3.2) takes the form 
> ðr? Oz 
Ao. = Aik gza OEP (11.3.5) 


The above equation confirms that Ai,k are the components of a tensor of type 


(0, 2). 
^ 2 " OA; 
The set of n^ functions 7, — 
Oz 
derivative (with respect to the fundamental tensor gij) of the covariant tensor ); 


and is denoted by Ai. d 
Note : Thus we observe that the covariant derivative of a tensor of type (0,1) isa 


tensor of type (0,2). - 


à là] is said to define the covariant z* 
g 


IIL3.2 Covariant Differentiation of a Contravariant Vec- 
tor eer T 


Let us consider a contravariant vector whose components in (x?) and (z?) coordi- 
nate systems are given by A' and A^ respectively. 
Then the law of transformation is given by 


ye. : uc 
Ox? 
Differentiating partially with respect to Z° we get 
Oz xt AEF ri OzküzriOzP 
OA' Ox* OTI | Oz" (az f a ) 0@7 Or" 
zk Oz? Ox 028 \ ðs" lik a yf dx ðs" 
using (111.2.36) 


R CALCUL US 


Lud 
OT Oak open, É 
~ Oak O88 Agr Varas ( r \ 
TaT amha. OL? qu 
-atf : Es zY azo — 5^ 
oY) OFF Ont gk 
(replacin the - ; 
DAU j dummy Index j by r in the first 
2 ( BEAL TY) Ook aga Tara term) 
Z ik BaF Dar =A] * [env 
EG 77) Ort P 
= (Sce p Orh Ope 0——— 
dak ik aaa ass CAM i p 
B *y Oni’ 
qherefore 


OAM yd 2 498" Ayr 
LU UE —_ = d i ý Jrk gra 
ane d x (re T }) i. 


E 


| kJ] OZP Gyr’ ^ (HIL.3.7) 
4 writing S 
= QA* zc fi oed 
AB— I-A? 
OZR © , » (IIL.3.8) 
OAT 
TRY i T : 
k gk +A L " (III.3.9) 
the equation (III.3.7) takes the form . 
za Let doe One 
BO“ kar aap | ie (11.3.10) 


This shows that A^, are the components of a tensor of type (1,1). This tensor Aj, is 
i defined to be the covariant derivative of the contravariant vector with components 


BE 


] Note: From the above discussion it follows that the covariant derivative of a tensor 
dtype (1,0) is a tensor of type (1, 1). i 
3 Note : In (IIL3.9) putting k — r we get 


yo oA et Tt 


Ox" TE 
= OA" yt? ogg). using (1112.13) 
Ox? Ox" 

1 


QA" TA 1i ) 
Va ggr + V9^ Ox? € 069 

: Xj 1 2 

VI Gq 2y Oe 


(replacing the dummy index r by i) 


ð i 
- t 2 (/g^ ) . 
r is a tensor of type 
3. 3 - + follows that AT lS a 
1 E Ax ls a tensor of type (1, 1), it fo 


1) = (0,0), ie., A7. is a scalar. 


————————Ó B 


TENSON CAL, 


mo Th Ny 


11.9.9 Covarian he (i, 
anor of type (0, 2) whose components hi (a!) and a t 


Let us consider f t ) tog 
raspectively, whore hy A f] is in 
systems nro denoted by uj nnd Na J ] hof ee à 


n T ; 0n! Du k 
An nie pA (ti 
Differentiating both sides of (L311) with respect to #7 wo sot 
Ata! dat Oa! Bad ii Dm! Ori ON Do 
js BOSE Da i» Qoo H7 Dan Dal Onk pgs 


Be ord pr SEE 
v BD On? lw a | mj 08% OB in 


Or [Off 5 | f d | Ou! dom) 
AN aga ae fp l mJ 087 05^ 

Od; 0x) OxI Or" ine TL2 35 

E ccu uélag (11.2.00) 


SN Aad Ont 1 | \ Ox! Oa! Out 
~ “SORA AR? ya Ulik] 029 025 Qa? 


0x! Oz! ( c m | Ou' Oud Oak — 
Lus pce pepe a AE TTOTTE., 

oze Oz" (yf kj) oze 04? OF 

ON; Out 0c! Ox! 

Ox 0z* Ozh OR | 
(in the second term we have replaced the dummy index m by k 
and interchanged the dummy indices í and l; in the fourth term 
we have replaced the dummy index | by k and interchanged the 
dummy indices j and m) 


= Sef ja Ov! Oat Oak 
Praf ik] Dae bee dar 


Hel T boon Oa! Ow! Oak 
yh kj) 08% 0! Dt 
4 Oi Nj Oat Aad Oak 
ek On HRA 0 
(replacing the dummy index m by Lin the fourth term): 


I Differentiation of Tensora o f 


Dag 
ORY 


Therefore 


OR dae Aa: j my j| Qo 
yaJ ag yf 


Sohal era : Ae ug 
= (m-ad es EY) aot oot ask qi 


0x 03! 03" 
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Putting 
x 9A " 
A ies aß - c =- G ; TN 
o B. OE7 Kea} y 4] p Xl » sl (111 3.13) 
and 
‘ MS. OA; 1 I ma 
Ak = t — Ar E jj^ aad P (1113.14) 
the equation (11I.3.12) can be rewritten as 
x ari Ori 
Ao E A o, (01.3.15) 


This shows that À;; , are the components of a tensor of type (0.3). This tensor Ax 
is called the covariant derivative of the covariant tensor Ai. 

Note : From the above discussion it follows that the dope nant derivative of a tensor 
of type (0,2) is a tensor of type (0,3). 


III.3.4 | Covariant Derivative of a Tensor of Type (2.0) 


Let us consider a tensor of type (2,0) whose components in (z*) and (z?) coordinate 
systems are A and A^? respectively. Then the law of transformation is 


¡jj O° az? " 


Xe = = 
E Ori 


Differentiating partially with respect to Z7 we get 


Qi"? aN OztOz^0z |. 072^ Ozrh'Oz? | 02^ 0?z? ðz* 
Qz*  Ozh^ O27 Ox* Oxi ` "etor 0z7 Ori” E E ad 
0A 8z? 028 Ax* Oz? ar* Oz? Oz" 

~ Ox Ox* Ox5 Oz? ' Mi aui əz alae sfe] a i @z* 


yy OF 0z* r ) On" (f ) az 0z° 
bess Oz OF7 s] ðs — t: ees 

P 0A 9 02^ 0zP Ax* jj OE Oz? Or* { T \ 
^ Ərk Ont OxI Oz? E 8zi 0z* lk 

,,02? Oz" Ort 0z7 i| 
i "Oat OzVOz" ðr" rs 

gOz“ 0g" Oz" P r "n EC J02” Oz 0r" ar? aa ;] 

Gat On" 0x1 Oxi Oxi 023 rF 


015 ƏZ% 0zP Ax" | ,,0z^0zPOz* M i Y 


— — —Ó—— 
——— ————— 


T 0x Ozí OxI Oz' 3 3zi üz? 


„OZP Oz" a 
AP Ese) } 


oN 


ios TENSOR CALO 


UL yg 
qam 277 dz" ark f j EC ,0z^ OE 0x7 so { p ) 
Ox? Oxi Oz? | kr Ori Oxi "| yc 


(interchanging the dummy indices r and i in the second term 
and the dummy indices r and j in the fourth term) 


pAU- La 05? 08? Ox! 
= E onte pon) roro 


_ 1 088 0° a 5 92" 027 T 
Ori Or! |yo | ^ Oz! Əri 


or, 
OC re a " eu 
cB ac 
Oz? Ls EE b? 
DAS Rc ud "ZEB LE RE 
(5 Rot be PA Oxi Oxi Oey — lig, 
Writing l 
- OA a Sel 58 
ap _ of . Oc 
and y : 
jj. OAY n a yi j I 
A LE OE ee (II1.3.19) 


the equation (IIL3.17) takes the form 


ob — ij Oz? OZ Axk 
"y 7 ^ *98xi ügi OEY 


(ILI.3.20) 


The above equation shows that AS are the components of a tensor of type (2,1). 
This tensor A^. is called the covariant derivative of the contravariant tensor with 
components A9, 


Note : From the above discussion we conclude that the covariant derivative of à 
tensor of type (2,0) is a tensor of type (2, 1). 


III.3.5 ape Derivative of a Mixed Tensor of Type 
1,1) | 


Let us consider a mixed tensor of type (1,1) whose components in (a!) and tul 


SOAM Systems are A} and Ag respectively. The law of transformation is iV" 
y 


2 ; 0x ^ Og II.3. 1) 
i 11.320 

Ag = AP aT Out OP ; i 
The above equation can be rewritten as 


ðr’ ,Ox4 3,92) 
A arem ELT d | 
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Dilleventiating both sides of the above equation with respect to i$? we pot 


BAX Bet ag 25m OAL Onh Ot, Oml 
oi Bs CA DONO Bak gr Oe? ^ OV Dana 


This implies 
DAN Oat yg (0e 8 Y. ( 1) De! be! 
QE QP METTE * ax Ly) Op 0n" 


a DAS Or? ek | ys (Owl fo Vf dg Y Bn! On 
"Bek Gat Gey TY | BET ay Lp] 089 Dit 


gAs Ox 4 Ag Oat fa | ze i \ Ow! Oa 
ORT GRE TP OHO Ly ov Zu Ld OnT 


Betan * gs a Al Oa! Bar? 
(«o Oxk OR8 Gay” “I ORE nA ^j D Ou? Dx? 


BAS Ox "T Ox! f a pO&® Oa! Oc! 0a? 

Or? 0^ FORO LYE » rm OR? OB ORT 
“9A, G04 Bet snoei Media 
~ Oak Or? OF " 029 022 OB? | Ow j kj Əz? Oz 


(by interchanging the dummy indices o and c in tho second term of left hand 
side, by interchanging the dummy indices j and |. and replacing the dummy 


index p by & in the last term of the right hand side) 


or, 
OAS da! af a ete" s. 
aries ugs Aj asse co 


OA} Oxi Ou* afd Op! Dat | A pg Ou" 007 
= De! Bx 3 OFF j kj 05? 52" / q Daa Daa 


OAS 0x! , ,,f a | On! I l a joss, 
E o c Y — - A2 bale n 
O27 65? * Aj ya} 08° By) 05^ 
dA} Oxi da * nl l Ovi Qu^ | t A A E 
= Bk pa’ Ou? j kJ 08? O87 Lk Oz? ORY 
(replacing the dummy index j by & and q by j in the last term 
of right hand side). 


or, 


103 


wi... *(THL3.28) 
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Writing 
a DAR YE Te). 1j ) A 
MM. Ae A (11.3.9 
Bo = Oey ^ Ag B Ba py 1) 
and 
POT, ; | i: 
i _ OA} Jil | l \, (S113, 98 
AMT Gye d T i) A jk ») 


‘the equation (III.3.23) takes the form 


oze Oat Ox" (11.3, 9¢ 
4 rw) 

Af, = Ajk yt On! ORF Oz". 6) 
The tensor A}, is a mixed tensor of type (1,2) and is called the covariant derivative 


of the mixed eae A} of type (1, 1). 


Note : The covaribrit- derivative of a tensor of type (1, 1) is a tensor of type (1,2), 


Example 23. Prove that 
i-us m 
DC MALUS A A i? 
A‘ Ons (A v9) + jp 


where A is a tensor of type (2,0). 


3 BW 3 
a e BT i ane LA gan. 


Putting k — j in the above equation we get 


: 8AÓ ra ee 
1J 2: rj ir 
4S = a t Gs] 47 ou] 4 


0A i Nd ; 
Bat tjs] T At ges oe 
E SUD eee 


(replacing the dummy index r by j in the last term) 
OAM „0 f1 {i 
= -4A9.—. [5 riis 
bat 1^ 88 E uS 


1 0A TONES T. ; 
= — : AU j t 
ar * aj) +4" ls] 
(replacing the dummy index j by p and r by j in the last term) 


1 ð e ; 
E Et tL AU j [U 
(0 yg 02? (va eae) cl. 


We have 
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Example 24. If A” isa skew-symmetric tensor prove that 
: Prove that 


In the previous example we have proved 


AST gai (49 v9) + As» | i jt 


jp 


e(t) - nt 


(interchanging the dummy indices p and j) 


-— -arf $ } 
JP 


(since A57 is skew symmetric and Christoffel symbol 
of second kind is symmetric in its last two indices). 


Hence . 
ard b \ — o0. 
JP 
Therefore we get 
M 1 z 
AY pts J ee (/gA”) 


Example 25. If A is a tensor of type (2. 0), prove that 


1 ð ij ir 4 
age Awa) et Us) 


AS = — 
at JI 
We have 28 , i j l 
ij : ri ar, 
3-2 gd hea 
Putting k =i in the above equation we get 
T 8AÓ i " { j par 
i a t. A135 
Ay — Ox? {if 1T 
jj J ir 
0A" rj. 2. (log 2-1 Z 
= rds aT v3 ist. 


ij 
945, 


j r 
ge 2 (log V9) + E By, 
Ox ðr’ 


Nl 


ansan 


100° TENSOR CALOULUS | 
(raplneing the dumny index T by i In the second term) | 

VBA at p, (i adda l 

a ogge tA” gpeg T) u” 3 

E 

We pa "REEL, a 4 P zu l 

? ji (wi (ur t^ gyja ir | 

Ji ou! (VgA") +A Gp q 

Derivati a Mined Tensor of T 

IILS.6 Covariant Derivative of 0 Murer" JJ Type | 
(p,a) j 


Generalizing the previous results the formula for the covariant derivative of a tengo; P 


A ane “in of type (p,q) can be expressed ns 


agian gater vs Wart 12 hi lyse 

enn jij jJ VALLI LEER 

apes, e iait LC ae gf An 
[i 


by tart ET ] A bias 
pe EM 4 Zh „t4 tjara 


141127. doro "s hy 
4 pj A8: men n j^ rum d 
(11.3.2) 1] 


It can be easily shown that A iine , are the components of a tensor of type 4 


hai 
(p,q + 1). 
Note : The operation of covariant differentiation always produce another tensor, | 
whose contravariant order is same as the parent tensor but the covariant order is 4 
increased by one. For this redson such type of differentiation is termed as covariant 3 


differentiation. 
An important observation : 


We know that an Euclidean space with rectangular Cartesian coordinate system ? B 
a particular type of Riemannian space where E 


Jij = i 1, if i =j 
gi 
i 0, otherwise. 


as E: x fact, in an Euclidean space with rectangular Cartesian coordinate syst 
A the Christoffel symbols vanish identically. As a result in such an Euclidean sP2«€ 
the covariant derivative of a tensor of any type reduces to ordinary partial derivaiY 
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Ul: 3.7 Ricci’s Theorem . 


nt : In covariant diff iati | 
stateme Ierentiatio men ‘J an 
Kronecker delta 6; behave like constatite, ha GE LE 994 gee US 
KT XT» 


gijk —0 99 ox i 
Ly] k 3 Ik = 0 and Ôj k = 0. 


A lyi : 
proof : Applying the formula for covariant derivative of covariant tensor of order 


2 we get 
Ogi; l | 
jk o — LI 
= gij NUN ne | 
> Bak T (lth, j] + [R5, i]) by (III.2.6) 

— 99:5 _ Ogi; 
Ape SENT s. 1 by (IIL.2.5) 

= 0. | | (IIL.3.28) 


Next, applying the formula for covariant derivative of contravariant tensors of 
order 2 we get 


1 lj J il 
J k Bee he Er : (III.3.29) 
We know 
gig? gn Oe 
Therefore 
ð . 
Auk (gig?!) =0 

o, 

Ógij ji 8g?! 

Ox * ~ Tis On*® 0 
Multiplying both sides of the above relation by g*” we get 

i Og: im Agi! 
Margak tI, Iuppi = 
or, 
9g?! 199i 

m ru um gI 

Or, 
| 
ml . ; ; | : E 
Og as —gig?! ({ik, j] + 7k, il) 


Ox * Ds a hd | 
—g img?! [i k, j] — gg? [j k, i] 


“fa igean 
i m "OMA 


eel 


08 
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9g 8 ke li j M ZR 
Ork c7 79 Ud VS qua 


(replacing the dummy indices i by l, m by i and l by j) 


Or, 


2 


Or, a : 
Og"? wt J jji 
a -— 0 
dak tI IT jk 
Sri ee me 1 
9u = 0. (I11.3.30) 


Finally 


(II1.3.31) 
This completes the proof of this theorem. 3 


Note : The results (I11.3.28) and (III.3.30) are also known as Ricci's lemma. 


Example 26. If A; is a covariant vector, prove that (24 — ae) is à covariant 
tensor of rank 2. i 
We know 3d : 
A oer 
9 ^^ Axi r j } Ar 

is : 8A i 

L— = A 

T {3 j | 7 
Now 


58À 18A, 
Bi aic ^e peau 
: = Ag Agi: 


Since the covariant derivative of a covariant vector is 


a covariant tensor of order | 
2, from the above equation it follows that Ai;— 


ji 18 a covariant tensor of rank 2. 


Example 27. If aj; is a symm 
such that aj; = 0, prove that 


Ep ld Olik y Oa ji B 
t3]... Orj | Qmi— rk]: 


etric non-singular tensor (|a;;| 0) of type.(0, 2), | 


TENS 


since laş] # 0, the reciprocal gif of aij is given by 


a'i = factor of ay in Jass| 


I1I.3.32) 
lai;| f 
By proposition 
N a _ Olij i) l 
TET Ark Sip PEL 
s a { I11.3.33, 
rk ik TERE a ( e s ) 
Similarly we can get 
2a. l l 
Oxi == j i Qu + k i Gjt (IIT.3.34) 
and 
lki l l c 
p = k j Gli + ; j Qr. (I1.3.35) 
Adding (11.3.34) and (11.3.35) and subtracting (III.3.33) from the sum we get 
Qa; A Oak dai; LA l l 
ðr? ðr? = gk ji SENE s. jos 
Jed AE l 
T ij kl ix alj j k Gil 
= af Hr 
ij 
(since a;; is symmetric and Christoffel symbol of 
second kind is.synymetric in its last two indices). 
= 2 { "i j Akm | 
eJ 
(replacing the dummy index | by m). 
Hence we get 


lj Ou | Bag _ ug = Harn 
2 ari Or! ðrF UN 


| 
i) 
e. 
ME 
= 
a 
3 ~ 
II 
Sy 
~. 
ra ~~ 
a, 
YS 


Note : It can be easily shown that . 
i) the covariant differentiation of sum or difference of any two tensors of same 
Ype obey the same rules like ordinary differentiation, 


r TENSOR CALC, y, 


ii) the covariant differentiation of product of any two tensors obey the 
of ordinary differentiation. 
It will be clear from the following example. 


Barnes ruhe 


Example 28. Let Ai; and By; be any two covariant tensors of rank 2, then shin, 
that 


(i) (Aij + Bij) , = Age + Biss 
(ii) (A5 — B) , = Aue — Baye 


and 
(ii) (Aij Bim) p = Aic Bim + Aig Bim. 
Let C = Ai; + Bj; for all i, j =1,2,...,n. Then C5 is a tensor of type (0,2, 
Now 


(Aij + By) , 


Il 


Ck 

oe ae 7 

^^ ÓOz* ik 
Ó l i l . 

= et eB - 1 hav B - I am 


_ 94g l SLT es 
H ae Lan te MZ 


= Aid Bug (11.2.26) 


Similarly it can be proved that 


(Ag — Bij); = Ayk — Bjk- (11L3.37) 
Next let | 
Dijim = Aig Bim (i,j, l,m = 152,541). (I11.3.28) 

So, Dijim is a tensor of type (0,4). Now 


(AgBim), = Dim, 
<  ODytm h h 
EUE ML [i5] Dio 
h { h 
-{, 1} Dit 3 * a] Pon 
ð h : h 
E ark (AijBim) = f 3 Anj Bim TI " Ain Bim 


h h 
og ls 1} dos SOR ls MS 
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Vag pt 
OB, h h 
TAG ( Dak D a j| Bim — IL 


Aij Big, T Aij By kj. (III.3.39) 


I 


Example 29. If At and B! 


are two unit contravariant vectors, show that they are 
inclined to each other at a co 


nstant angle if and only if 


A.B, + B. A; = 0, 


Since A’ and B? are unit contravariant vectors we have 


ATA; i= giz At A3 == ]* 
and. á : (III.3.40) 
B'B; = gij B! B3 —1 


The angle 0 between A* and B? is given by 


gi A* BÀ 
V gij ÀA* A A/ gj BT B3 


gi A' B3. (II.3.41) 


cos9 = 


Now, the angle 0 between A‘ and B' is constant if and only if the covariant 
derivative of the right hand side of (III.3.41) is zero (since cos @ is an invariant its 
covariant derivative is nothing but its ordinary partial derivative). 

Now i 
A (gijA* B?) , = gij, A! B? + gij A', B? + Jij A B3. 
A*, Bi + BY Ai. 


Hence the result follows. 


Example 30. For any contravariant vector AŻ, show that 


(9i3A*) ; <a Ajk ‘ 


We have 
(934°) , = Jijk A! + gij A’, 
gij A^, (applying Ricci's theorem) 


fis TENSOR. CALCULYg 


ðA! i l (aL. "m 
=. fu (55 +- {, „JA ) using (IIL.3.0) 


ð l i l 
= gyggk 9A) + gu i dj A 


Og"! MOA |. AU by (TIL2.6 
z Jij 3124 -|- gig. Bak -|- (Ih, j| A by (III.2.6) 


; l l OA 
l L = yim £ PE 2 13 4l 
= gui (= ne ‘| i fe eJ) + Ogge t gma A 


.. using (IIT.2.9) 
i im l OA; ; l 
= -g'™ Agi » 3 — 959°" Al Us a + goe + (lk, j] A 


; m l OA; Am 
mo-À4" (mk, j] m 0j. Ai is Jd n Anh T [mk, j] A 


(replacing the dummy index l by m in the last element) 


fei OA; eius 
= ~a{ Bak 


= Ajk 
III.3.8 Gradient of a Scalar 


Let f be any scalar. We have already proved that the partial derivative 
us OF 
= Bal 


are the components of a covariant vector. This is called the gradient of f and is 
denoted by V f or grad f. 


fi (III.3.42) 


III.3.9 Divergence of a Contravariant Vector. 


Let us consider an arbitrary contravariant vector At. Then the covariant derivative 
At, of A* (with respect to the fundamental metric tensor gij) is a tensor of type 
(1,1). Contraction of the contravariant and covariant indices yields an invariant, 
which is called divergence of the vector A^ and is denoted by divA?. Thus 


div àt = AL T. 
l ð : 
a bat WIA YE (11.3.43) 


I1I.3.10 Divergence of a Covariant Vector 


Let us consider an arbitrary covariant vector Hi. Then pt = g 
vector. The divergence of the contravariant vector pi 
of pi. 


Wn, isa contravariant 
; pu ; e 
1s said to be the divergent 
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Therefore 
div, = div ju? 
1 ð - 
Dnt (Van!) (III.3.44) 


g 
pxample 31. If the compononts Ay, Ag, Ag of 
pdr z are p, z sin h and e? cosg, prove thn l e ee ae 
div Ay m 2.5 oe 
(224 5i 0084 — e^ sin z, 
We know, in cylindrical c i 
yündrical coordinat | 
CMM ci ta dinates (p, d, z) the square of the line clement i 
given 5 M 11.1.10) of oxample 3 on Pape 70) - | à 
2.. 2 Q4. i 
ds* = (dp)? +. p? (db)? + (dz)? , 


Then 
: = F EA 2 , 
911 l, go» = p?, gas = 1 and gij = Oi AG. 


So 


Hence we get 


u 22. 1. 3'. y 
g = 1,9 = ou 9” = Land g =0ifi Aj, 
And 
1 ] r 
j^ = 9 Ai =g" A; = Ai, 
= =g” =g” Ay- = 212 sin $ 
an | 

A3. =g%A; = 9%Az -eÓcosz. 

Therefore 


div A; 


| 
eE 

< 

> 


(since yg = p) 
1 ; 
= > Z s T cos h + pe ? (—sin 2] 


1 ; 
= 2-—zcosó-— c ? gin z. 
p 


Note : This example shows the utility of the formula (II.3.44) that we need not 
Calculate the Christoffel symbols. 
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III.3.11 Conservative Vector 
If the divergence of a vector ( covariant or contravariant ) vanishes identically, then 


the vector is said to be conservative. 


Example 32. Prove that in V2 with line element 


di“ = (dat)? + COR (dz?)*, 


1\2 o 2: $ 
l i is 71 2, — (x1) sin 2x? is conservative, 
the covariant vector with components z ` cos2z^, (a ) e 


Here 2 = 
gui =1, g2 = (27) , and giz = gai = 0. 
Hence 2 
g -—detgg, = (x1) 
N 
M gi quiu g?! =g =0 
Ld = 2? : 
(x1) * 
Then 
A! —gUA; —gllA =21 cos2z?, 
A? =g7%JA;. —-g?24, = Gi? |- (21) * sin2x?] = — sin2z?. 
Hence | 
divA; = divA* 
io 
"o Ugo (VgA!) 
1 ð fe Ix 2 ð 1 ; 2 
= 7 anc x* cos 2x J+ 5a (ein ge )) 
1 à : 
= — [2r! cos2r? — 2x! cos 2x E 
vI 
METH 


Therefore the vector A; is conservative. 


III.3.12 Divergence of a Contravariant Tensor of Order 


Two 
Let «9 be an arbitrary contravariant tensor of order 2. The divergence of at is 
defined by ~ 2 : 
SIVA cade t (111.3.45) 
We know : 


is ggi 4 qr 
nupt lj il J 
Q k ETT +a fita hs 
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put wk= j we get from the above equation 


0a 9 


OQ. = ———-Le" il) J 
J Oxi bee ue 


= ĝa" +a 2 il ð 
Oxi lj +a - M 


- wal 9o 5 j 
= a 
fie Sr -+a a (log /g) - 
(replacing the dummy index j by l in the last term) 


= i 5 da aL. on ð 
i agi pec 3,5 (V3) 
sod are 4 54. E 
° Piri tates (VO). 


Therefore 


diva = al f f } bl ROK ij 
rapt Wont (ga?) . (I11.3.46) 


Example 33. If a¥-isa skew-symmetric tensor, 


= aes jg). 


Se mer ae. 


(interchanging the dummy indices j and l) 


(since aJ! is skew-symmetric). 


div a? 
We have already proved 
diva? 295 
Now 
lj a Z jl 2 
j P P = i j 
«TR 
wide D 
This implies 


Hence we get 


aa TENSOR CALCULUS 


III.3.13 Divergence of a Mixed Tensor of Type (1,1) 
Let a} be an arbitrary tensor of type (1,1). Then the divergence of a} is defineq 


b ] 
i diva] =. dipi (III.3.47) 


; _ 90; 2 te 
0$ = Bek C lua f % 
Putting k — i, we get from the above 


i doi i l l i 
Um unam mue aoe 


Qai ð l j 
= j DM. xs r 
= g tiga leva- Yo; 
R oO 
mE CUR Oj zi (log Vg) — hn yei 


(replacing the dummy index l by i in the second term) 


- a (o Folge) - [7] 


| 1 à nof Ri ! 
x gan Via) - (^. Yoi. | (I11.3.48) 


We know 


Example 34. If the associate tensor ot of the tensor a} of type (1, 1) is symmetric, 


ae 7 Tages (eive) - baie Se 
- Tes (ej /g) zx son 
We have rod proved for any ten&or oj | 
aji = t pus (goi) — mE (III.3.49) 


à | 
"3e: (Vai) — ág" [i5, k] 


ll 


ME. | 
= ea (Vaai) —qitl (Ogi Bg Age, 
al D 2 VOzi T Oxi oy 
/ 


EL i l ;.0g;. 
VEG (Viaj) -lange 1 sog. 1, 


Il 


k Ogi; 


xi 9" Ori 39 Oxk 
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"S 1 98 (vg Je 1 ik O9ik di ð 1 ð 
= ga; a? i aik Ogjk ki Oki, 
VE 2" e$ 27 Bar tg” Bet 


; Unberchanging the dummy indices i and k in the last term) 


ð 
- Ogik ; 
"1 (vgaj) * goce (since f^ = a**), 
The other result can be proved similarly. 


III.3.14 Laplacian of an Invariant 
for an invariant f, fi = E ls à covariant vector. Hence 
fJ! = gg 
isa contravariant vector. Then | 
divf* =fi = (gif) (11.3.50) 


is an invariant and is essa Laplacian of f. This is denoted by A 
Thus 
vif div f*' 
div fi 
div (grad f). (11.3.51) 


An Expression for the Laplacian of an Invariant 
We have 


fi = voe x (VIS *) 


= ws x (vag f;) 


i sj OF | III.3.52 
= ES Oak z (vas 3). ( ) 
117,.3.15 Curl of a Covariant Vector 


Let A; be a covariant vector.Then 


So 
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Therefore 
dri öz’ 


li 


j 
= Ang Apne 


l NONE 


[s 
— pA, is a covariant tensor of rank 2. 
On á 


‘ . 0A 
This shows that vat te a 
he curl of the covariant vector, 


This tensor is called t 


Thus 
curl A; = Au € A44 
a DA LE. (11.3.63) 
— igi- Ox 
tor Ay. 


Curl of a vector A; is also called rotation of the vec »" 
From (111.3.53) it follows that curl of a vector is skew-symmetric. 


Irrotational Vector 


If the curl of a covariant vector vanishes identically, then the vector is said to he 


irrotational. 
If A; is an irrotational vector, then 
curl; = ‘0 
and hence 


Example 35. For an invariant f, curl (grad f) = 0. 
Let f be an invariant. Then 
gadf = fi- Ln 


are the components of a covariant vector. 


Now 
Of; 8f; 
curl fi = 554 Tag | 
. .8 (af) 8 (ðf 
NES g'g 
ğ LA ~ Onda 


Hence curl (grad f) =0. 
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Ozj Or 
sni hence A,dz* is an exect diferentic] 


Jä- — J- 
8f ; Tet 


.. Gwerlant derivative of f. Thus 


- 2 M - 2 < - 2 
example 26. IE curl of a onerient vec TO. vennhes identically. then 2, E 


11 3 
se 


